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B. C. AHAmuH

1. BBEIEHUE.

[Ipu perrenun 1esoro psifie IPUKIIATHBIX 3a71ad 13 00JIaCTH KOMIIBIOTEPHOTO MO-
NeTTMPOBAHNUS, YUCIEHHBIX MeTomoB (B ocoGenHocTu kBasu-Monre-Kapimo) u kpu-
nTorpadur BO3HUKAET HEOOXOMMMOCTH CTPOUTH HEKOTOPHIM PETyJIsSPHBLIM 00pa3oM
YICJIOBBIE TIOCIIENOBATEILHOCTH C PABHOMEDHBIM 3aKOHOM pacIpeneiieHus. Meto-
ITIaM TIOCTPOEHUST TAKWX ITOCIIeNOBATEIHLHOCTEN MOCBSIIIEHA CTOIb OOIIMpHAS JIATe-
paTypa, YTO MBI He IMeeM BO3MOXKHOCTU IEePEUNCINTD 3IeCh HaXKe OCHOBHBIE MO-
HOrpaduu, MOCBSIIEHHBIE YTOMY BOIPOCY — COLIIEMCs JIUIIb Ha (2|, rme mmeercs
nonpoOHBI 0030p U OocHOBaTenbHas Oubnmorpadus. Kax mpaBuio, ynmoMmsHyTbIe

MeTOMBI MTPENNOIaraioT MTOCTPOEHNE YJIEHOB TTOCIENOBATETHLHOCTH C TIOMOITTBIO HEKO-
TOPBIX PEKYPCUBHBIX IIPOTIENYP, & TAKKe MOT'YT PACCMATPUBATHCSI U KAK aBTOMATHI.
[Mocnenamne O6BIYHO HA3BLIBAIOT MCEBIOCITYYANHBIME (U KBA3UCIIYy YAHBIMUI) TeHE-

paTopaMum.

TUNWYHBIM OTPUMEPOM CIIY2KHAT IPEIJIOKEHHBIN 6ojlee IOJIyBeKa Ha3all JIMHell-
HBII KOHTPYSHTHBLI METOI, COCTOSIINN B TOM, YTO MCKOMAS IIOCIICNOBATEILHOCTD
{z, :n=0,1,2,...} peanusyercs Kak peKyppPEHTHAas IOCIENOBATEILHOCTD IIEPBOTO
HOPSIIKA C 32KOHOM PEKYDPCHUU Tpy1 = a + bx, (mod m), rme a,b — pannoHaiIbHbIE
nennie, a m > 1 — HaTypajabHOe 4Yuciio. PaBHOMEpHAas pPaCIpenesieHHOCTh TaKOM
MOCJIEIOBATEILHOCTY SKBUBAJICHTHA TOMY, 9YTO OHA MMEET IEePHOI, IJIMHA KOTOPOTO
B TOYHOCTY PAaBHA 11} IPHU BLIIOIHEHNN MTOCIEIHETO YCIOBUS Ka#cObll DIIEMEHT 13
muoxkecTBa {0,1,... ,m—1} (0OGBIYHO OTOXKIECTBIIIEMOTIO C KOJIBIIOM BBIIETOB Z/m
KOJIbIA 7 BCEX PAIMOHAIBHBIX IIEJIBIX UICEIT IO MOLYJII0 M) BCTPEUAETCS Ha HepH-
ome 6 mounocmu 0dun pa3, 1 Hao60opoT. HeobxommMmble M HOCTATOYHLIE YCIOBUS,
KOTOPBIM IIPK ITAHHOM 1M HOJIKHBI OTBEYATh @ U b, 4TOOBI MEPUON BLIPAOATHIBAE-
MOI1 TTOCIIENOBATEILHOCTI UMeJT MAKCUMAJIBHO BO3SMOXKHYIO IUINHY (T.€. B TOYHOCTH
PaBHYIO M), XOPOIIO W3BECTHHI — cM. [2, . 3.2.1.2, Teopema A].

K HeCOMHEHHBIM NOCTOMHCTBAM JIMHEMHOIO KOHIPYSHTHOIO T€HepaTopa OTHO-
CHTCS TPOCTOTA €ro TPOrpaMMHOi peammsammu (ocobemno mpu m = 2F), a on-
HA U3 OCHOBHBIX NPUYUH €r0 HENOCTATKOB, T.e. HEYIOBICTBOPUTEIbHBIX IS HE-
KOTOPBIX 3a/a4 CTATUCTUYECKNX KAadeCTB BHIPAOATHIBAEMOIl IOC/IENOBATEILHOCTH,
KPOeTCs KaK pa3 B ero JuHeiiHocTr. Hampumep, BBULY TOTO, YTO B 3aKOHE PEKYPCHUN
f(x) = a+bx ecTb monmuHOM cTenenu 1, BuipabaThIBaEMAas MOCIEIOBATEILHOCTE UMe-
eT HaJl KOJIbLIOM Z/m JINHENHYIO CII0KHOCTD 2, T.€. SBIISeTCS JIMHEMHON PEKyPPEHT-
HOI1 TIOCIIENOBATEIIBHOCTHIO opsinka 2 Han Z/m. VmenHo, x,19 = (1+b)xp41 — bz,
(mod m) u, 3maunT, Toukn Buma (2 Intl Zn) peerna, Kako6o Obi HU ObLLO M,

m 7 m
IIOIIaoaloT Ha IIapaJljIeJIbHbIC OPYT OPYTY IIJTOCKOCTH c+ X — (1 —+ b)Y + bZ ¢ 1IEJIBIM




¢, IEPeCceKalolIre eNMHIIHBIN KyO TPEXMEPHOTO eBKIINIOBA TPOCTPaHCcTBa. M3BecT-
HBII pe3ynbTaT ['eopra Mapcanbu [7] yTBepxmaeT, 4TO CXOXKas CUTYAIUS MMEET
MECTO U B Pa3MEPHOCTIX > 3 — BCe TOUKU OKa3bIBAIOTCS COCPENOTOYEHHBIMU B OT-
HOCUTEIIEHO HEeOOJIBIIIOM KOJIMYIECTBE MTapaslIeIbHBIX APYT OAPYTY TUIIEPIIIOCKOCTEN,
a He 3aIIOJTHAIOT 3TOT KyO 60Jlee M MeHee pAaBHOMEPHO, W IPUINHON ATOMY OISTh-
Taku CIyX)UT TO, uTo deg f = 1.

OTOoT (akT B TeUeHUE MOCIEMHUX MECITUIETUH CTUMYJINPOBAT UHTEHCUBHYIO
papaboTKy pa3IUYHBIX AJTBTEPHATUB JIUHENHOMY KOHTDYIHTHOMY METOMY. JHAUU-
TeJIbHAs 9aCTh UX IPENCTABIISIET COOON HeauHeliHble KOHTPYIHTHbBIE METONBI, COCTO-
SIIEe B TOM, UTO B 3aKOHE PEKYPCUU B KaUeCcTBe [ MCIOIB3YIOTCS TIOJINHOMBI HAL Z
creneHn > 1, B 4aCTHOCTH, KBagpaTudHble (CM. [2]), uiaum Gosee BBICOKUX CTEICHeN
([15]), a Takxke npyrue mpeobpa3oBaHUs, OTIMYHBIE OT MOIMHOMUAJIBHBIX (HAIPU-
Mep, SKCIOHEeHInaIbHbe Buna f(r) = a?®) uam T.H. WHBEPCHUBHBIE, OCTPOEHHDIE
C WCTIOJIb30BAHMEM BO3BEIEHUs B OTPHUIIATENIbHbIE cTeneHu, cM. 0630p B [2]). Ilpm
9TOM [JIs YBEJINYCHUS JIMHEWHOU CJIOXKHOCTU BBIPAOATBIBACMON IIOCTIENOBATEIBHO-
CTHU aBTOPHI NOBOJILHO YaCTO OTKA3BIBAIOTCS OT TPeOOBAHUS MaKCUMAJIbHOCTH IJTU-
HBI IIepuofa, T.e. IpenjaraloT HCIOIb30BaTh B 3aKOHE PEKYypPCHUU Takue IpeoOpa-
30BaHUs f, ¢ TIOMOIIIBIO KOTOPBIX T€HEPUPYIOTCS MOCIEIOBATEIHHOCTH C NJINHAMU
[IEPUONOB 3aBENOMO MEHBIINMU, YeM M, U, 3HAUUT, CTPOTO TOBOPS, 3aBEOOMO He
SBIIAIOIINECS] PABHOMEPHO PACIPENeSIeHHBIMEI B Z/m. B sToM citydyae aBTOpBI HEM3-
0EXHO CTAIIKMBAIOTCS ¢ HEOOXOOUMOCTBIO HE TOJIBKO OIEHUBATDL IJINHBI II€PUONOB,
HO U BBIOMpATh HAYAJIbHOE COCTOSHUE T( PEKYPPEHTHOU MOCIIENOBATEIBHOCTU Ta-
KM 00pa3oM, UTOOBI MOMACTH HA MTOCTATOYHO MJIMHHBIA MEPUON. 3a YBeIUUeHUe
CTEIleHN TOJIMHOMA, & PABHO U 3a IIPUMEHEeHNe OPYTUX apudMeTHIecKuX (QyHKINIH,
THUTIa BO3BENIEHNUS B OTPUIATEILHYIO CTEIEHb NI SKCIIOHEHIINPOBAHUS, OOBITHO TO-
Ke TPUXONUTCS IJIATUTH OIPENEeJIEHHBIM yBEJIUYIEeHNEM CJIOKHOCTU ITPOTPAMMHOMN
peanu3arnuu. [Ipm 5ToM 0cOGEHHO HETPUSITHBIM SIBISIETCS HE CTOJIBKO 3TO, CKOJIBKO
TOT (PAKT, YTO CIOXKHOCTH MIPOTPAMMHON PeaTn3allii M KaUeCTBO IICEBOOCTY YallHON
TIOCJIENOBATEIBLHOCTI OOBITHO OKa3bIBAIOTCSI B OOPATHON 3aBUCUMOCTHU: yBeINIeHNe
KaJecTBa MPUBOMUT K YMEHBIIEHUIO OBICTPOIENCTBU, a IIPU YBEINIeHNN OBICTPO-
IEeNCTBUS IPUXONNTCS KEPTBOBATH KAIECTBOM.

B cBere ckazaHHOrO, aKTyaJIbHOI NpPENCTaBISIETCS 3alada OMUCAHUS IIpeodpa-
soBaHuit f:Z/m — 7Z/m, KOTOpble, BO-NIEPBBIX, OOECIEUNBAIN Obl MAKCHMAJIb-
HO BO3MOXHO€, T.e. B TOYHOCTU PaBHOE M, 3HAUEHUE NJINHBI IEPUONA TOCIIENO-
BATEIILHOCTH, T€HEPUPYEMOIl MO 3aKOHY Tpi+1 = f(z,) (mod m) m Tem cambiM
ee paBHOMepHOe pacmpeneiienune B Z/m (Takue mpeobpaszoBaHust f Mbl HA3bIBAEM
TPAH3UTUBHBIMU TI0 MOMYJIIO M), BO-BTOPBIX, TADAHTUPOBAIN ObI NOCTATOYHO BbI-
COKYIO JIMHENHYIO Hal KOJIBLUOM Z/Mm CIOXKHOCTH DTOU TOCIENOBATEIILHOCTH, T.e.
OTCYTCTBUE B HEW «KOPOTKWUX» JIMHENMHBIX 3aBUCUMOCTEN BUIA Z::_Ol iTnti = 0
(mod m) (n =0,1,2,...) u, B TpeTbux, B IPUHIUIE IOIYCKAINA OBl OTHOCUTEIILHO
IIPOCTYIO NPOTPaMMHYI0 peaIn3alliio, & UMEeHHO, ObIIN Obl JOCTATOYHO «TUOKIMIT>,
T.e. UMeIu OBl Ps ONpPenesIonuX ObICTPONENCTBIE COOTBETCTBYIONINX IIPOTPAMM
mapaMeTpoB, KOTOPbIE MOXKHO OBITIO OBI BAPBUPOBATH, HOOMBASICH HYKHOU CKOPOCTH
paboTHI, HO He yXYyOIIas IIPU 3TOM BBIIIEYIIOMSIHY ThIX XapaKTEePUCTUK KaueCTBa BbI-
pPabBITBIBAEMON TOCIIEIOBATEILHOCTH. B maHHOW paboTe MBI OMUCHIBAEM IITAPOKUE
KJIaCChI TpeoOpa30BaHUil, B OIPENeIeHHON Mepe OTBEYAIONINX 3TUM TPeOOBAHUSIM.

B mepByroo odepenb, MBI HAXOMWM YCJIOBUS TPAH3UTUBHOCTH II0 MOLYJIIO M IS




TpeoOpa30BaHmil, KOTOPhIE MOT'Yy T OBITH peajin30BaHbl B BUOE KOMITO3UIINN KaK apud-
METUYECKUX (CIIOXKEHUs, YMHOXKEHNs), TAK U CTAHOAPTHBIX MAIINHHBIX OIEPAINil,
TUTIa TOPA3PSOHBIX JOTUYIECKAX OMEPAIllil, COBUTOB, HAJIOXKEHUSI MAacKU U T. . B
ATHU KOMIO3UINU MOTYT BKJTIOUATHCS TaKue Olepalnyl, KaK SKCIOHEHIIMPOBAHUE U
B3sITHE OOPATHOrO 3J1EMEHTA, a 3HAUNT, U BO3BENEHNE B CTEIEHN C OTPUIATETIbHbI-
MU TOKa3aTessiMu (M. B ¢Bsi3u ¢ oTuMu onepanusvu 4.9, 4.11 u 2.5) u/unu Taxue
marmaHbe oneparun kKak OR, XOR, AND u .. (cm. 2.5, 2.8).

B wacTHOCTH, MBI HaxomuM OOIIMPHBIE KJIACCHI TPAH3UTUBHBLIX II0 MOMLYIIIO M
yHKIIIII, KOTOPBIE MOT'YT OBITH 3allaHbl KaK MOJIMHOMBI C PAIlMOHAJIBLHBIME, HO He
06s13aTeIBHO TebiMu Kodbdunuentamu (cM. 4.7), uam Kak MepoMOpdHBIE, B YACT-
HOCTH, paruoHasbHble GyHkimu (cMm. 4.9, 4.11, 4.12), win Kak aHAJIUTUIECKUE
dyakumn (em. 4.11, 4.9, 2.5). YnoMsHyTble YCIOBUs JIETKO [IPOBEPSEMBI U TIO-
3BOJISIIOT CTPOUTH TPAH3UTUBHBIE 110 MOMYITIO M TIPeoOpa30BaHUs B IBHOM BUIE —
cM., HanpuMmep, 2.3, 2.4, nnn 2.5-2.8 (a Takxe 4.11, 4.12) Bmecte ¢ 2.1, u qpyrue
OpuMepHI, IPUBENEHHBIE B NaHHOI padoTe.

[IpounmrocTpupyem cka3zaHHOE HEKOTOPBIMU U3 TUX IPUMEPOB: KaK CJIEMYeT U3
MOKA3aHHBIX HIKE TeopeMbl 2.7 u jjeMMbl 4.11, TPaH3UTUBHO 10 KaHAOMY MOIYITIO
m =2F (k=1,2,...) mo6oe mpeobpa3oBane BUOA

fl@) =1+z+2(g(x+1) —g(z)),

TIe § eCThb NPOU3B0AbHAA KOMIIOZUIUS aPUPMETUICCKUX OMEPAIUNA — CIIOKEHUS
(y,2) — y + z, ymHoxkenus (y,z) — yz, skcnonenmposauus (y, z) — (1 + 2y)* (8
YaCTHOCTHU, B3ATUs 06PATHOTO drieMenTa, y — (1 + 2y)~ 1), mopaspammbrx mormde-
ckux omeparmit — kKoubioHKIUU (y,2) — y AND z, nusstonkuun (y,z) — y OR z,
uckounTenbHoro «mwims (y, z) — y XOR z, orpunanus z — NEG z, n «mamms-
HBIX>» omepanuii (KOTOpble, B CYIIHOCTH, SBIISIOTCS IIPON3BOMHBIME OIEPAIASIMA OT
[EPEYUNCIICHHBIX BHIIIE) — CABUrA HA § IIATOB B CTOPOHY CTAPIINX 3HAYAILIX PA3Psi-
moB z — 2%z, mackupoBanus z — z AND M ¢ mackoit M, mpuBeneHust 0 MOLYJTIO
2%, cocTosIlas B OTOpPACkIBAHUM BCEX CTApIIUX 3HAYAIMUX OUT z — 2z mod 2° =
zAND(2° — 1), u mekoTOpBIX mpyrux. Ilpm 5TOM mpenmosaraeTcs, 9TO BCE BbI-
IIIeyKa3aHHBIe OTePAINN OCYIIeCTBISIOTC HAMl SIeMEeHTaMy Koybla Z/2F | mpuuaem
JIOTUYECKNE ONEePAINU MPOU3BOMATCS TOPA3PSOHO HAJ ONEePAaHOAMU, TPEOCTABIIEH-
HBIMHU B IBOMYHOI cucTeme cumcienus: Tak, 2 = 1XOR3 = 2AND7 = NEG 13
(mod 8), 371 = 11 = —5 (mod 16), 373 = 3! = 375 = 11 (mod 16) u T.u. Ipn
TaKUX coryamieHusx GyHkuuu g u f onpenesieHsl Ha Z /M KOPPEKTHO, & CIIOXKHOCTD
X TMPOTrPAMMHON pPean3aIiuy OMPeneseTCss NCKITIOUNTEIbHO COOTHOIIIEHEM U KO-
JIMYECTBOM «OBICTPBIX®» U «MEIJIEHHBIX®» OMEepAlNil B KOMIIO3UIIUUA ¢, T.€. MOXKET
IPOU3BOJILHO BaAphUPOBATHLCS B 3aBUCUMOCTH OT TPeOOBAaHUN K OBICTPOIENCTBUIO.

[ToguepxuewMm elite pa3, B IpUBEOEHHOM BBIIIIE IPUMEPE TPAH3UTUBHOCTH IIPeodpa-
3oBaHMs f 1o Momymio m = 2F nuxak ne 3asucum uE OT Kk, HI OT KOHKPETHOTO BHIA
kommosurn g — u upu g(z) = x XOR(2x + 1), u upu

2 AND z2 + 22 OR 24
3+ 4(5 + 6x5)=° XOR "

g(x) =

[OCIIEOBATEIBHOCTD { Ty, } € 3aKOHOM DEKYyPCUH Tpi1 = 1+, +2(g(zy,
(mod 2%) pasromMepHO pacmpenenena B Z/2F mpu mo6GoMm 3HaueHIE k;




WNmenHo, 5Ta MOCIENOBATEIBHOCTE SBJISIETCS CTPOTO TEPUOMUUIECKON C TEPUOMIOM
e 28w xascdviii snemenT w3 muoxectsa {0,1,. .. , 2% — 1} Becrpewaerca na ee
epuone 8 MoUHOCMU 00UH Pa3.

[Toxoxero poma yTBEepKOEHUs CIIPABEOINBBI U /IS IIPOU3BOILHOIO COCTABHOTO
m: HaIpUMep, U3 IOKa3aHHBIX HuKe yTBepxkmeHuint 4.11 u 4.12 BoITeKaeT, 94TO mpe-
obpa3oBaHTE

f(@) =14z +m(m) u(@)(1 + m(m)v(z))”™),

rae 7(M) ecTb MPOU3BENEHNE BCEX MPOCTHIX UHMCENT, MEJIAIMX 1M, TPAH3UTUBHO IO
MOIIYJTIO 11, KAKOBBI ObI HI OB mosmHOMBL u(2), v(x), w(x) € Z[z] nan kombuom Z.
MHOrouncieHHble AHAJIOTH YTOTO MOCIENHErO YTBEPKICHNS [JIs MOIMHOMOB C Pa-
[UOHAJILHBIMU (He 065138 TeIHbHO HEeJIBIME ) KOd(DOUIUEHTAMI MOTYT OBITH IIOJTy 9€HbI
C HOMOIIIBIO TeXHUKN u3 pasnena 4. OTMeTnM MOy THO, YTO MPUBEAECHHBIN IpUMeD
MOKA3BIBAET, YTO C MOMOIIILIO HEGOIIBIINX U3MEHEHW 3aKOHA PEKYPCUH MOXKHO 066C-
NEeYNBATH TPAH3UTUBHOCTD KAK T.H. WHBEPCUBHBIX MCEBIOCITYYAHBIX T€HEPATOPOB
(tee. ¢ f(z) =a+bx! wm c f(z) = (a+ bxr)~!), Tak skcroHeHTMATBHEX (T.€.
¢ f(z) = a®): upu v(x) = const # 0 MBI HOTyYaeM T€HEPATOD SKCIOHEHIIUATIHLHOTO
Tuna, npu w(xr) = const = —1 — UHBEPCUBHOTO.

Yo ke KacaeTcs HaJIN4Ws B MOCTPOEHHBIX TAKUM CIOCOOOM IOCIIENOBATEIb-
HocTaAX {T, = f(zn—1) (mod m) : n = 1,2,...} SuHENHLIX 3aBUCUMOCTEN BUIA
Z::_Ol CiTnii; =0 (mod m) (n =0,1,2,...), muHA T KOTOPLIX HE 3aBUCAT OT M,
TO B 9TOM OTHOIIEHUN JINHENHBIE KOHI'DYSHTHBIE T€HEPATOPHI OKA3BIBAIOTCS B KITACCE
BCEX KOHI'DY9HTHBIX T€HEPATOPOB CKOPee UCKITI0UeHNeM, deM mpasuioM. Hampuwmep,
eCIIu Il HEKOTOPOTO MpOCcToro p dyukius f: 7 — 7 MoxkeT ObITh 3a7aHa TPAH3U-
TUBHBIM TI0 Momyiio m = p* (k > 3) momMHOMOM CTemeHn > 2 C PAIMOHAIBHBIMIT
HeIbIMI KOd(hDGUIUEHTAMI, TO TAKUX COOTHOIIEHUI C T U C; He 3A8UCAUUMYU OM
k zaBemomo me GymeT. Bosee TOro, MUHUMABHEIN paHT auHeitHON Ham Z/pF pe-
KyPPEHTHOII HOCIENOBATEILHOCTH, ¢ IIOMOIIIBIO KOTOPOI MOXKHO 3a[1aTh BBIXOIHYIO
MOCIIENIOBATEIBHOCTh TAKOTO T€HEPATOpa, HEOTPAHUIEHHO pacTeT BMecte ¢ k. Ha
caMOM [iejie, CITPABEIJINBO 3HAUNTEILHO OoJiee o0Illee yTBepxkKIeHne — cM. 95.1-5.4
11T TOYHBIX (POPMYITUPOBOK.

B pa6ore m3yuarTcs Takxke paBHOBEPOSTHBIE IO MOAYIIO M (DYHKIWA, T.€. Ta-
Kue oToGpazkerns F s-oit nexapropoit cremenu (Z/m)(®) ma t-10 mekapToBy cTemeHb
(Z/m)® xomema Z/m, (s > t), Ipu KOTOPOM IOJHbIE IPOOGPA3EI BCEX HIIEMEHTOB
pPaBHOMOIIHBI. B yacTHOCTH, Ipu § = ¢ PABHOBEPOSITHLIE IO MOMYJIIIO M (DYHKIIN
3a1al0T GUEKINU COOTBETCTBYIOIINX KOJIEll, U IIOTOMY HA3BIBAIOTCS OGUEKTUBHBIMU
10 MOLLYJTE0 M. BecbMa 9aCcTHBIM CITydaeM n3yJaeMbIX B PAb0Te pABHOBEPOSITHBIX 10
MOIYJTIO M (GYHKIUH SBIISIFOTCS T.H. TIONCTAHOBOYHBIE IOIMHOMBI TI0 MOILYJTIO 1M, T.€.
TOJIMHOMBI C TIEJIBIME KO3 OUImeHTaMu, 3aaorme GUeKIo Koubla Z/m Ha cebs.
[TosyyeHHBIE yCIIOBUS PABHOBEPOSTHOCTH II0 MOIYJIIO 1M 0GO0OIIAIOT U3BECTHBIE (CM.
[8]) pesyapTaTBl O MONCTAHOBOYHBLIX MOJIMHOMAX HA 3HAUUTEIHHO GOJIee IINPOKIEe
KJTacChl (PYHKIIUIT— CM. IIO0 3TOMY IIOBOMIY pa3lesl 3 MaHHON paboThl. MoTmBom
1T TAKOTO U3YYEHUsI MOCIIy KW TOT (DAKT, UTO IPUMEHEHNEe PABHOBEPOSTHBIX IO
MOIYJIIO M (DYHKIWMII TO3BOJIET CTPOUTH U3 PABHOMEDHO paclpenesieHHbix B Z /M
HEePUOANIECKUX TOCTIENOBATEIILHOCTEN ¢ eprofoM IiInHbl M paBHOMEDHO pacipe-
nenenusie B Z/N (rne N menut M) nepunomdeckue mociIenoBaTeIbHOCTHI € IEPHOIOM
TOW e muHbl M; Opyrumu ciioBaMu, KaxKabiil ssieMeHT u3 Z/N BCTpeTuTcs Ha




HepHrofie MOIYYEeHHO MOCIeNOBATEILHOCTH OMUHAKOBOE YNCIIO (HO HE 06sA3aTEeIIbHO
onuH) pa3. IlpumeHeHne paBHOBEPOSTHBIX IO MOLYIIIO M IPEO6PA30OBAHUIL K [IOCIIe-
OOBATEJIBHOCTAM, IIOJIYYE€HHBIM OIIMCAHHBIMU BBIIIC METOOAaMM, OKA3BIBACTCA IIOJIE3-
HBIM TPU TMOCTPOEHUU W OOOCHOBAHUM KPUITOTPAGUUECKON CTOMKOCTHU MOTOYHBIX
mudpPaToOpoOB — OMHAKO 3Ta TEMa COCTABIISIET CONEPKAHUE MOCIIENYIOIINEN CTAThU 1
JIEXXUT BHE PaAMOK JITAHHOW pPabOTHI.

OTMeTuM, 9TO IIPK IOKA3aTETHCTBE OCHOBHBIX YTBEPKICHUN HAMU UCIIOIL3YETCS
TeXHUKa p-aqundeckoro aHaams3a. llocTaBieHHBIE BBIIE 3amadm cHadasa mnepedop-
MYJIUPYIOTCS Ha 3TOM S3bIKE.

daxTuueckn, B paboTe OMUCHLIBAIOTCS SPrOANIECKIe OTHOCUTEILHO MEPBI Xaapa,
a TakKxXKe COXPAHSIONINE 5Ty Mepy WU PABHOBEPOSTHBIE OTHOCUTEIHHO DTON Mephl
GbyHKINM, 3alaHHBIE HA IPOCTPAHCTBE Z;, BCEX NEIBIX P-aIWYeCKUX JHces, IPIHU-
MaloIle 3Ha4eHus B Z, U OpUHAIJIEXKAaIe Klaccy BcexX (yHKIUH, yIOBIeTBOPS-
FOIIINX OTHOCUTETBHO pP-aaUdecKol MeTPUKU ycjiaoBuio Jlummmunia ¢ kosdhuimeHToMm
1. B sToM cMmbIcTe pe3yabTaThl JaHHON PabOThl MOTYT OKA3aThCs TOJIE3HBIMU IJIS
TEOPUU HEAPXUMENOBBIX HUHAMUYIECKUX CUCTEM: PSI PEe3yIbTaTOB JIETKO WHTEP-
MPETUPYETCS KAK OMUCAHUE DPTOAUIECKUX MUHAMUYIECKUX CUCTEM C MUCKPETHBIM
BpEeMeHeM Ha KOMIIAKTe Zy.

PaGora mpomormkaeT uccienoBanus aBTopa, HauaThle B [11]: Mbl mpuBomuMm mo-
Ka3aTeJIbCTBA HEKOTOPBIX Pe3yJbTATOB, AHOHCUPOBaHHBLIX B [11, 12, 14, 17], dop-
MyJUPYyeM U JOKa3bIBA€M HOBBIE Pe3yJ/IbTATHL.

ITepexons xk TOYHBIM (HOPMYIIPOBKAM, IJI yIOOCTBA UNTATENS HAIIOMHIM HEKO-
TOPBIE CBENEHUS U3 P-aIMYECKOr0 aHAIN3a U TEOPUU PABHOMEPHO PAaCIPeNeIeHHBIX
nocienoBaTenbHocTel, cenyst [6], [3] u [2], a Takxke mpuBemeM HeOOXOOUMBIE pe-
3yJIbTATHI, ONpenesenus u oboznavenus u3 [11].

Besnme manee p — mpoctoe uncio. Ecam z = 2y + z21p + 29p® + ..., TIe zj €
{0,1,...,p—1} (j = 0,1,2,...), — KAHOHUYECKAs 3AINCH LEJIOTO P-ATUIECKOTO
ancia z # 0, To ord, z = min{j : z; # 0} — mokas3aTear MaKCHMAJIBHOI CTe-
nenu p, nessmiedt z. 1lo ompenenenmio, ||z|, = p~°"4* ecTh p-ammueckas Hopma
z, ||0ll, = 0. Hopma || ||, crammaprabiM 06pa3oM PaCIpOCTPAHIETCS Ha BCe IOJIe
Qp p-ammueckux dUmces, KOTOPOe €CThb IOJIe YACTHBIX KOJIBLA LEJIbIX P-aINIEeCKUX
uncen Zy,, u 3amaer Ha Q, merpuxy d,(u,v) = |lu — v||,, oTHOCHTETBEHO KOTO-
poit (Q, sBIISETCs MOIONHEHHEM IPOCTPAHCTBa panumoHaabHBEIX dncen Q. Kombio
Zp = {u € Qp : |Jull, < 1} ectp KoMmakT B mpocTpancTBe (@), SBISIOIIIIACS
sambikarmeM MHOXecTBa No = {0,1,2,...}. Takum obpasom, Z, ecTb cemapa-
6eIbHOEe KOMIIAKTHOE METPHUYECKOE IIPOCTPAHCTBO. MHOXECTBO BCEX Pa3IMIHBIX
CMEXHEIX K7accos a + pF7Z, mo Beem mueamam xombia Z, 06pasyeT 6a3y cOOTBET-
CTBYIOITIETO TOMOIOTIYECKOTo TpocTpancTBa. Kaxnoe MuoxecTBo a+ptZ, (a € Zy,
k=0,1,2,...) ecTb OTKPHITEI (I OMHOBPEMEHHO 3aMKHYTHII) ITap pammyca p~~

[pocTpancTso Z, Hamensercs mepoit u: monoxus u(a + pFZ,) = p~*, mpo-
IOJDKUM 5Ty Mepy Ha BCEe O-KOJIBIO MHOXKECTB, MOPOXKIEHHOe KOMIAKTaMU U3 Zy
(mocenHUe SBISIFOTCS B TOYHOCTU BCEMH 3aMKHYTBIME MHOXKECTBAMUI B Zjp). DTO
IPONOIKEHNe eMUHCTBEHHO, SABJIfeTCa Mepol Xaapa Ha Z, U IPeACTaBiseT COOOH
HEOTPHULATENIbHYIO 0-aIIUTUBHYIO PErYIIIPHYI0 HOPMIUPOBAHHYIO GOPEIIEBCKYIO Me-
py. Taxum obpasoM, p — ecTecTBEHHAss BEPOSTHOCTHAS Mepa Ha IIPOCTPAHCTBE

n
Zyp. AHaIOTUYIHO 3amaeTCs BEPOATHOCTHAS Mepa Ha N-MEPHOM IPOCTPAHCTBE Z1(> )




— KaK COOTBETCTBYIOIIas HOPMUPOBAHHAS Mepa Xaapa.

IIycTs Teneps f:Zy, — Z, ecTb QYHKINS, COXPAHSIONIAT BCE KOHTDYSHIINN KOJIb-
na Z,, T.e. Takas, 910 afb Bieuer f(a)ff(b) mmsa moboit KOHrpysHIMI 6 U JTIOOBIX
a,b € Z,. TlockonpKy Kaxmas KOHIDYSHIUS KONIbIa Z, €CTb OTHOIICHIE CPABHIMO-
CTH TIO MOJTYITIO HEKOTOporo umeana prZ, (koTopoe Besme masee o6o3HaUACTCS Tepes
= (mod p*)), To HeTPymHO MOKa3aTh, YTO QYHKIUS f COXPAHIET BCE KOHTPYIH-
MU KOJIbLA Zy, TOILa U TOJIBLKO TOrIA, KOU/Ia OHA YIOBJISITBOPSET ycioButo Jlummy-
a ¢ koaddummentom 1: || f(x) — f(y)|lp < ||z —yl|p. Pyrxuuro, coxpamsoryio Bee
KOHT'DYOHITMN HEKOTOPOU YHUBEPCAILHOI aire6phl, HA3BIBAIOT CO68MeCmUMOt. Mol
6yIeM HCIOIB30BATH 3TOT TEPMHUH BMECTO TEPMUHA «KOHCEPBATHUBHBI» u3 [11],
MOCKOJIBKY 3& TOCJIENHIM B paboTax MO ajre0pandecKuM CHCTEeMaM 3aKPElusioch
npyroe 3Hauerue (cM. [8, crp. 45]).

Kiacc coBMecTrMBIX (DyHKIUI BECbMa IIMPOK: B HEM JIEXKAT BCe (DYHKIIUN, 3318~
BaeMbI€ TIOJIMHOMAMI C PAIMOHAJILHBIMI HEJIBIMIA WU P-aIMYeCKAMI TEeTBIMEA KO3(-
dburmeHTaMI, [eJI03HAYHBIE AHAJUTHIECKE HAL Z, GYHKINN, a TaKXkKe IeJI03HAU-
Hble PAlOHAJIbHBIE HAl Z, QYHKIUN, 3HAMEHATEIN KOTOPHIX He obparnatTcs B 0
0 MOMYJIIO p. Psim Apyrux mpUMepOB MPUBEIEH HIKE.

HamomuuM, uTo QyHKINA, 3a0aHHAsS HA HEKOTOPOM Tojie F' u npuHuMaromas 3ua-
yeHus B F', HA3BIBAETCA 4EA03HAUHOTU, €CITH BCE €€ 3HAUEHUS Ha IEJIBIX JIeMEHTAaX
nosis F' aBisioTCs nebiMu djieMenTaMu mojist F. B manbHeieM Mbl n3ydaeM Ie-
no3HauHble GyHKUUKM Ha mojle (Q, BCex WENBbIX p-annmdeckux dmcell (u, CTajio ObITh,
IPUHIMAIOIIIIE IIeJIble P-aIndecKue 3HAUeHNs BO BCEX TOUKAX U3 Zp), B YaCTHOCTH,
1eso3Haunbie Ha nojie (Q panmonanmbubx yucen Gyukuuu. [lomumaoM mHam momem F
HA3BIBAETCS IEJTO3HAYHBIM, €CJIU IeJI03HaYHa 3amaBaemas uM Ha F' ¢pymkoms. Ot-
METHUM, UTO Iesio3HauHas Ha F dyHkmus f, oueBumHO, 3a1aeT HA KOJIbIE Z IEJIbIX
snemenToB nonst F dyukmmo f|z @ Z — Z, xoTopas He 00s3aTEIBHO SIBIISETCSI
COBMECTUMOII Ha Z, T.e. He 003aTeNbHO COXPAaHAET BCE KOHTDYSHIINHU KOIbIA Z;
omHako ecnu f|z coBmecTmMa Kak (QyHKIMsS HA Z, TO B CIydasx, KOUJa 5TO He
OPUBOMNUT K HENOPA3yMEHUSIM, OIPUMEHUTEIbHO GyHKuuu f (a eciam oHa 3a1aeTcs
nomHOMOM Han F', To m kK 5ToMy mosmHOMY) GyIET MCHOIB30BATHCS TEPMUH «CO-
BMECTUMBIIT».

OTmMeTuM, 9TO TOHATUS METO3HAYHOCTH U COBMECTUMOCTH €CTECTBEHHBIM 06pa-
30M MEPEHOCATCS. U Ha (HYHKIUU HECKOJIBKUX MEePEeMEHHbIX — HopMa (H, CiienoBa-
TeJILHO, METPUKA) IPOCTPAHCTBA Z; €CTeCTBEHHBIM 00pa30M HHIYIUPYyeT HOpMY (1,
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CIIIOBATEIEHO, METPUKY ) N-MEPHOTO IIPOCTPAHCTBA Z,(, ). s u = (U1y...,up) €

ZI()n) nomaraeM ||ul|, = max{||u;||, : ¢ =1,2,... ,n}. Takum obpasom, pyHKINSI

F=(f1,...,fm):Z{ — 2{™

COBMECTHUMa TOTMa W TOJIBKO TOTMa, KOTIa OHAa YIOBJIETBOPsET ycioBuio Jlumiumia
¢ koapdurmerTom 1. B wacTHOCTH, BCe cOBMeCTUMBIe MYyHKINN Ha Z;, HETIPEPHIBHEIL
KaK p-amamyieckue QyHKIIUN.

ODTOT IPOCTON BHIBOI SABJISIETCS BECHMA BaXKHBIM TS TPpUJIOKeHun. VMeHHO, Ka-
KI0€ MAILINHHOE CJIOBO, T.€. CJIOBO HEKOTOPOW KOHeuHOi minHbl B aidasute {0, 1},
MOYXKHO WHTEPIPETUPOBATH KaK HEOTPUIIATEIbHOE PAIIMOHAIBHOE IIeJI0e YMCIIO, 3a-
MMICAHHOE B MIBOMYHOI CUCTEME CUMCIeHUs. Toria Bce BBIMIECYIIOMSHY ThIE TTOPa3PsII-
HBIE JIOTUYECKUE U MAIITUHHBIE OIIEPAINN €CTECTBEHHBIM 00Pa30M MIPOIOIKAIOTCS Ha




BCE MHOXKECTBO Zg TENbIX 2-aJudecKnX UUCesI, TPEICTABIEHHLIX B KAHOHUYECKON
dopme. Kpome Toro, Ha Zs IPOMOMAKAIOTCA U BBLIIICYIIOMSHYTHIC apu(OMeTHIeCKIe
onepanuu. HecyoxHo mokasaTh, 4TO BCe 5TU onepanuu (T.e. UX MPOMOJIKEHUS Ha,
Z3), & 3HAUUT, U BCe UX KOMIIO3UIINN, SBISLFOTCS COBMECTUMBIMU (DYHKIIUAME: [1J1sT
skcnoneHnupoBanust (y, z) — (1+ 2y)*, u, B 9acTHOCTH, B3ATUS OGPATHOTO SIIEMEH-
Tta y — (14 2y)~! em. 4.11, A79 OCTATBHEIX OHmepaImil 3TO Cpas3y CIemyeT 3 IX
onpenesennii. CiemoBaTeIbHO, BCE STU ONEPAIUN SBJISIOTCS HEMPEPBIBHBIME Ha, Zg
GyHKIIAMEA B 2-aqudeckon MeTpuke. OTMeTHM, 9TO CIBUT Ha, M IIArOB ITBOMYHOIM
3aIlICH YHC/Ia B CTOPOHY MIIAMIINX Pa3pSOOB, T.e. ONEPAIMs |5 | OedeHus Ha 27
C TIOCTIENYIOITAM OTOpachIBAHNEM OPOOHON YACTH, TOXKE SBIISIETCS HENPEPHIBHON HA
Z2, XOTS U HE COBMECTUMOI dyHKIMEN (OTKyIa CIemyeT, YTO Pe3yIbTaThl CTaThl
OCTAIOTCS CIPABEIUIMBLIMUA U 71 KOMIIO3UINIL, BKJIIOYAIOIIMMI TaKXKe U 3Ty IO-
CJIEITHIOIO OIEPAINIO, HO IIPU YCIOBUU, UTO BCS KOMIIO3UIINSI OCTAETCSI COBMECTUMOI
byHKumeir).

CkaszaHHOE MAeT MOTEHIUAIBLHYIO BO3MOXHOCTH MPUMEHATH K U3yUYEHUIO pPsima
CBOICTB (DYHKIIWII, PeaJN3yeMbIX KAaK KOMIO3UIINU BBIIICYKA3aHHBLIX ONePAIlHil, Me-
TONBI HeapXuMenoBa (T.e. p-aIUYecKOro) aHaums3a. PasyMmeercs, 5TOT ammapar
BO3MOXKHO IPUMEHSTh K U3YUYEHUIO TeX CBOUCTB, KOTOPLIE HOIYCKAIT HEKOTOPYIO
€CTECTBEHHYIO (DOPMYJ/IMPOBKY B TEPMUHAX AHA/IN3a, T.€. Ha S3bIKE Mep, METPUK,
CXOIMMMOCTEI, TIPOU3BOMHBIX U T.II.

OxasbIBaeTCs, psAm CBOMCTB (DYHKINI, TPAOUINOHHO M3yYaeMbIX B PAMKaX IVIC-
KPETHOI MaTEeMAaTUKM, IOMYCKAIT TaKyto mepedopMymupoBky. C omHEM M3 HEX —
COBMECTUMOCTBIO — MBI YK€ MO3HAKOMIINCH. OTMETUM, YTO U3BECTHBIE B TEOPUH
ABTOMATOB T.H. [I€TEPMUHUPOBAHHBIE DYHKINN HA MHOXKECTBE BCEX CBEPXCIIOB (T.e.
6ecKOHEUHBIX HocienoBaTenbHocTeil) B andasure {0,1} (ecrecTBeHHBIM 06pas’oM
OTOXIECTBIISEMBIX C dJIeMEHTaMU u3 Zg) €CThb COBMeCTUMbIe QyHKIuN Ha Zs.

Ecte u npyrume cBoiicTBa, momyckaromine Takyio rnepedopMyIumpoBKy. Paccmo-
TPUM, HAIPHUMED, CBOMCTBO coBMecTuMonl (yukuuum F = (fi,..., fm):Zp(") —
Zp(m) OBITH PasHo6epoamMHotl no modyao p*. Tlocmemnnee o ONpenesIeHMIO O3HA-
gaer, uro F mamynupyer ma n-oit mekaproBoir crenenu (Z/ pk)(") Konmera, Z/p*
BLIYETOB 110 MOIy/io p* pasrOBeposTHYIO dymKmmio F = (f1,... , fm): (Z/pF)™) —

(Z/p*)™) | T.e. Takyio, uTO Kaxkmas TOUKa U3 (Z/pk)(m) IMeeT B (Z/pk)(n) OIHO
u TO X)e unciao F-mpoobpaszoB. B wacrHOCTH, IpM m = n PaBHOBEPOSTHOCTH IO
Momyio p* ecTh HE UTO WHOE Kak 6uexmuenocmb no modyato p*. Mer Gymem pac-
CMATPUBATEH TaKXkKe BAXHOE IJIS IOCTPOEHHS [ICEeBIOCIIY IalHBIX T€HEPATOPOB CBOM-
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cTBO dyukiuu F 6BITH mpanaumuenot no modyao p~, T.e. 3amaBaTh Ha (Z/pk)( )
IIOOCTAHOBKY, NMEIOIIYIO TOJIBKO OOMH IMUKJI (T.H. IIOJTHOITIKJIOBY IO HO,HCT&HOBKy).

OTMeTuM, YTO TIPU ONPENETECHUN TOHATUN PABHOBEPOATHOCTH, OMEKTUBHOCTHU
WM TPAH3UTHUBHOCTH GyHKIHH F 1o Momymio pF MbI HOIB30BAIICH COBMECTHMO-
CTBIO 5TOl (yHKINN. 3HaueHme MHIyIUpoBaHHON dymkmmm fi(z) B komeue Z/pF
BBIUETOB TI0 MOIYJIIO p¥ 0 OIIpelesieHnio ecTh HAMMEHBIIHI HeOTPUIATETBHEI BBI-
et fi(z) mod p* mo momymo p* smauenus dymkumm f;(z), T.e. fi(z) mod p*F =
ae{0,1,...,p" — 1}, npuuem ||fi(z) — ||, < p~*. B cuny coBmecTnmocTu dyHK-
unm f; 3Havenne GyHKIMM f;(x) He 3aBUCHT OT BHIOOPA MPEICTABUTENS T CMEKHOTO
KJIacca KOJIbIla Zén) (koTOpoe ecTh mpsMas CyMMa 7 M30MOPGMHBIX KOMUI KOJIb-
na Z,) no uneany (p*Z,)™, a smauut, Gyrkmus F KOPPEKTHO 3amaeT Ha KOJbIIE




(Z/p*)(™) dysxmmo F mod p* = (fi(z) mod p¥, ..., fm(z) mod p¥), mpurmmaro-
myio 3ravenns B (Z/pF)(™). B mampreiinrem B cyuasx, KOTIa 5TO He IPUBENET K
Hemopa3yMeHUIo, JIJIs 9TOU mociaenHell QYHKIIUY MBI OyIeM HCIIOIB30BATh HAPSIOY C
o6osuavenuem F mod p* n o6osnauernne F.

HamomMHuIM HEKOTOPBIE ONpPENENICHUs U3 TeOPUH M3MEPUMbIX (GYHKIWIA (CM., Ha-
npumep, [1]). Ilycrs S u T — mpocTpaHCTBA ¢ HEOTPUIATEIBHBIMEI HOPMUIPOBAH-
HBIMI M€PaMU [t ¥ T, COOTBETCTBEHHO, 1 IMycThb f: S — T — m3mepumas GOyHKIus
(T.e. mommbIl f-mpoobpas f1(U) muoxkectsa U C T p-wsMepuMm TIpH JTFOGOM T-
m3mepumoM U). Pyuxrmio f HazoBeM (i, T)-nponopyuoraibrot, eCiiu il KaKIbIx
nByx T-usMmepumbix nonMHoxkects U,V C T pasenctso 7(U) = 7(V) Bneuer pa-
serctBo p(f~1(U)) = p(f~1(V)). Eciu o6e Mepsl p1, T CyTh BEPOSTHOCTHBIE MEPHI
(HampuMep, IO/KHBIM 06pa3oM HOPMUPOBaHHBIE Mepbl Xaapa), TO f Ha3bIBaeT-
cst (W, T)-pasrosepoamuoti (W pasro8epoOIMHOT OMHOCUMEALHO (4 U T) TOTHA U
Tonbko Torna, korna u(f~H(U)) = 7(U) nas xaxmoro T-usmepumoro U C T. B
ciyuae, korna S =T u p = T TOBOPAT, 94TO f corpangem mepy (i, €CIIU PABEHCTBO
u(f~1(U)) = p(U) somonnsercsa npu xaxaom p-usmepumom U. Hakowen, ecn f
COXpaHsAeT Mepy i U IJIs j-I3MepuMoro MHoxkecTBa U pasenctso f1(U) = U ume-
eT MeCTO JIuib B ciayvae, koraa au6o u(U) = 0, mu6o u(U) = 1, To roBopsT, 9TO
byukms f ABIIETCS p-9peoduveckoti (W 9p200uueckot OMHOCUMEILHO MEPLL [L).
OrmeruM, 9YTO B METPUUECKON Teopun (GyHKIMIA BMECTO TEPMUHOB «(DYHKIUS, CO-
XPaHSIOIIAs MEPY» U «PABHOBEPOSTHAS QDYHKIUS> UCIOJIb3YIOTCsI, COOTBETCTBEHHO,
TEPMUHBI «METPUICCKUI SHAOMOPGU3MS U «METPUIECKUI TOMOMOPGU3M», & B TEO-
pUI OUHAMUYECKUAX CHCTEM BMECTO SPrOAUIHOCTU TOBOPSIT TAKKE O «METPHYECKON
TpaH3uTUBHOCTHS. [I0CKONIBKY BO BCell cTaThe B KAYECTBE MEPhI PACCMATPUBACTCS
TOJIbKO HOPMUPOBAHHAs Mepa Xaapa, TO B HaJIbHEHIeM yKa3aHue Ha 5TO OILyCKa-
eTCsl, U COXPAHSIOIIe Mepy Xaapa, DPABHOBEPOSITHBIE (COOTBETCTBEHHO, SPIOIYe-
CKHIe) OTHOCUTEIHHO Mephbl Xaapa (DYHKIIMN HA3BIBAIOTCS IPOCTO COLPAHAIOUUMY
MEPY, PABHOBEPOIMHLIMY (COOTBETCTBEHHO, 9P200UUECKUMU T IP200UUHBIMU).

CrpaBemuBa CliemyroIas

1.1 Teopema. Cosmecmumas gynxyus F = (f1,..., fm): Zp(n) — Zp(m) PaBHO-
gepoamma (COOMBEMCMBEERHO, COTPANIETN MEPY UAL IP200UUHA) MO020a U MOALKO
mozda, Ko2da ona pPasnosepoamua (Coomeememeento, GUEKMUBHA UAU TPAH3U-
muena) no modymo p* dag ecexk =1,2,.... Coemecmumas u COTPAHTIOWAT MEPY
dynryug F ouekmusna (u, cmaio 6bimv, 4641€MCT MEMPUUECKUM ABTOMODPHU3-
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MOM); KPOME MO20, OHA ABATEMCI UBOMEMPUET NPOCMPAHCMEW Zz(v ),

OTMmeTuM, 9TO Be3me B HAJIbHEHIIEM B JaHHON paboTe IpK NOKA3aTeILCTBE SPro-
IuaHOCTY (PABHOBEPOATHOCTH) TOM UM WHOU (DYHKIIUN OTHOCUTEIHLHO MEPhI Xaapa
MBI, (PAKTUUECKH, TOKA3BIBAEM €€ TPAH3UTUBHOCTD (PABHOBEPOSITHOCTD) TI0 KAXKIO-
MYy MOIYJIIO pk , k= 1,2,..., T.e. HENOCPEICTBEHHO yCTAHABINBAEM WMEHHO Te€
CBOIICTBa, KOTOPbIE HAC M MHTEPECYIOT B CBETE IOCTABJIEHHBIX BBIIIE 3a0a4. B cuiy
5TOTO MBI TO3BOJIMM cebe OMyCTUTh MOKa3aTeIbCTBO TeopeMbl 1.1 kak He mMero-
el IPsSMOrO OTHOIIEHUS K IeIsaIM maHHou paboThl. Tem He MeHee, Be3me maJfee
B paboTe MblI OyzmeM yrnoTpebisiTh COOTBETCTBYIOIILYIO TEPMUHOIOTHMIO (HAIIPpUMED,
TOBOPUTH O QPYHKIIMU «IPrOOUYECKAsS> BMECTO «TPAH3UTUBHAS IIO MOIYJIIO pk 0J1s
Beex k=1,2,...» u T.11.)

B cBa3u ¢ Teopemont 1.1, omgHako, yMeCTHO 3aMETHUTh 3[I€Ch, YTO PE3YIbTATHI




OaHHOU paboTHl B YaCTHW, OTHOCSIIENCS K ONMCAHUIO COXPAHSIOIINX MEPY WIIN 3P-
roogn4yeCckKmx Cl)yHKIII/Iﬁ MOXHO TPpaKTOBaTh KaK OIIMCaHNE HEAaPXNMEOOBBbIX (I/IJII/I YIiIb-

TPAMETPUIECKUX) TUHAMUYIECKIX CUCTEM (Z;,n), F) ma azoBoM mpocTpaHCTBE Zén)
¢ IUCKPETHLIM BpeMeHeM, rne F' — mepacTsarusaoriee orobpaxenne (T.e. mpuMe-
Henue F' k 1106001 Tape TOYEK He YBEeIMUUBAET PACCTOSHUS MEXKIy HuME). B Taxoit
TPpaKTOBKe TeopeMa 2.2, HallpuMep, MOXKeT PacCMaTPUBATHCS KaK IIOJIHOE ONUCAHUE
SProauvecKnX JUHAMMYIECKUX CUCTEM U3 YIOMSIHYTOIO Kjlacca IPU YCJIOBUI p = 2 1
n = 1, a coBMecTHO ¢ Teopemoil 3.11 maeT mosHOe onuCaHNe OBAXKOBI IIEJIO3HAUHBIX
(T.e. WMEIOMINX BCIOAY IEJIO3HAUHYIO MPOM3BOMHYIO) SPrOMUIECKUX NUHAMIYECKX
CUCTEM IJIsI JTI000T0 M. DTHU BOIMPOCHI, OMHAKO, JIEXKAT BHE PAMOK TAHHOW PAOOTHI 1
COCTaBAT COINEp:KaHUe ONHON U3 MOCTIeNYIONINX CTaTel.

BosBparmasice k OCHOBHOI TeMe pabOTBI, OTMETHUM, UTO IJIs IITMPOKOTO KJIacca
COBMECTUMBIX (DYHKIIUIT, B HEKOTOPOM (TOYHO OMPENEIEHHOM B pasfiese 3) CMbICIIe
ONIU3KUX K paBHOMEPHO nuddepeHnupyeMbIM Ha Z, QyHKIUIM, CBOUCTBO OBITEL Ou-

eKTUBHON 1O MOIy/I0 p* IJIs HEKOTODPOTO OIpENeseHHOrO k SKBUBAJICHTHO TOMY,
9TO (YHKIUS COXPAHSET MEPY; MOCIEOHee K€ SKBUBAJIEHTHO TOMY, YTO (DYHKIUS
GreKTHBHA, 0 MOmymio p* mms Becex k =1,2,3,...

CBolicTBO (DyHKINE OLITH TPAH3UTHUBHON 10 MOmyaio p* HEKOTOpOro ompere-
JIEHHOTO k OKa3aJloCh SKBUBAJIEHTHBIM TOMY, YTO (DYHKINUS SPrOOUYHA; IOCIIEM-
Hee e HKBUBAJIEHTHO TOMY, UTO (GyHKIMS TPAH3UTHUBHA IO MOMy0 p* mis Bcex
k=1,2,3,... . Hakomer, u3 paBHOBEPOSTHOCTH (DYHKINI TI0 MOLyIi0 p* mis Hexo-
TOPOTO OIIPENEIIEHHOTO Kk BBITEKAET €€ PABHOBEPOSITHOCTD; IOCIIEIHEE K€ CBOMCTBO
5KBUBAJICHTHO PABHOBEPOATHOCTHU (DYHKIMHI 110 Momyiio p* mms scex k=1,2,3. ...
Hoka3zaTenbcTBa pe3yIbTaTOB TAaKOI'O XapaKTepa IPUBENEHLI B pasneiie 3 MaHHON
paboTHI.

OTu pe3ynbTaThl NEMOHCTPUPYIOT BIIEPBLIE MPOSBUBIIHUICS B jemMe ['eHzerns
5dPEeKT TeHB3EeIEBCKOTO MONBbEMA, COCTOSINUA B TOM, UTO IOBeneHme (QYHKIIUU II0
Momyio pF0 s HeKOTOpOro ko OIMpeIeNnseT ee MOBeIEHNe IO MOIYIIo p* mis Bcex
k=Fko+1,ko+2,... m Ha BceM IPOCTPAHCTBE Zjy. OTOT 3(PDEKT yiKe BOZHUKAI
IIpu M3y4YEeHUU TPAH3UTUBHOCTHU Te€X WM WHBIX IpeoOpa30BaHUN.

Hanpumep, HEoOXomuMBbIE U NOCTATOUYHBIE YCJIOBUS TPAH3UTUBHOCTHU TOTMHOMA
f(x) = a+ bx cremenn 1 ¢ mesnbIME panuOHAJIBHBIME KOdhduuumentamu a,b (cM.,
Hampumep, [2; 3.2.1.2, Teopema A|) MoryT GbITH CHOPMYIUPOBAHBI CIIEYOIIIM
06pazoM: HOIMHOM @ + b TpaH3uTHBEH 10 MomyIio p* mis mexoroporo k > 2 Torma
U TOJBKO TOT[MA, KOT/Ia OH TPAH3UTHUBEH IO MOMY/II0 P, €CIU p HEUETHO, WU IO
MOIyIIIO P2, eciu p = 2.

O61muit KpuTepuit TPAH3UTUBHOCTH MO MOIYI0 pF monmHOMa f IPOM3BOIBHOLM
CTETEHN C TEIBIMA PAIMOHAIBHBIMI KO3(DdUIImeHTaMu, moayueHusil B [15], Takxe
Takke NEMOHCTpHUpyeT 3TOT 5(pderT: mpu p # 2,3 NoauHOM [ TPaH3UTUBEH IO
Momymio p¥, k > 3, Torma m TOIBKO TOTIA, KOTIa OH TPAH3UTUBEH IO MOIYIIIO p;
ecnu xe p = 2 wiau p = 3, TO TOTZIa U TOJBKO TOTIA, KOTMIa OH TPAH3UTUBEH IIO
Momytio p3. OTMeTHM HOMyTHO, YTO 3TOT MOCTCNHUI Pe3yIbTaT OCTACTCS CIIPABe-
JIMBBIM JIJIs1 3HAUUTEIHHO 00Jlee TIIMPOKOTO Kiiacca GYHKIIWN, He 00sI3aTeTbHO maxKe
aHamuTryeckux (cm. 4.9-4.10).

[Tonyuenubie B pa3nese 3 maHHON pabOTHI Pe3yILTATHI MOKA3BIBAIOT, YTO d3(PheKT
TeH3eJIEBCKOTO TMOIbEMa TaKWX CBOUCTB DYHKIINU, KaK OMEKTUBHOCTH WM TPAH3U-




TUBHOCTDH TI0 MOMYJIIO ", 00yCIIOBIIEH CIENMUMUKON P-aaIMIECKON METPUKN W MMEET
MECTO IJIs Pa3INYHBbIX BeChbMa IIUPOKUX Ki1accoB dyHkumii. B pasmene 4 yTouns-
IOTCSI TPAHUIIBL 3HAUYEHU K, C KOTOPBIX HAUMHAETCS STOT MOIBEM.

Pesymbrarhr BeIlIeyKa3aHHOTO THUIA MTOJIE3HBI, €CIIN IS OJAHHON (GyHKIuuM f He-
06XOIUMO Y3HATD, 00JIAIa€T JIi OHA HEKOTOPBIM CBOMCTBOM (HAIIPUMED, TPAH3UTIB-
HOCTBIO I GIEKTHBHOCTHIO) TIO MOMYJTIO p* I/ KOHKPETHOTO JOCTATOYHO GOITb-
1oro k, MCKJII0OYAOIEr0 BO3MOXKHOCTB MPSAMOU TpoBepku. Kciau xe, mampumep,
TpeOyeTcsl TOCTPONTH U3 3apaHee 3a0aHHBIX Onepanuil (GyHKIIIIO, 3aBEIOMO SIBJIS-
IOIIYIOCS TPAH3UTUBHON WMINW OMEKTUBHOU IIO MOIYJIIO p* , To mpemmouTuTenHHEE
sBHBIC (opMyael. Takme (GOpMysbl [ GHEKTUBHBIX IO MomyTio 2F mommHOMOB
HAJI KOJIBIOM PAIMOHAILHBIX IEJIBIX YUCeIT 7Z MOyYeHbl B [13], mis TpaH3uTUBHBIX
no momyimio 2F mommHOMOB Hanm 7 — B [15]. SlBHBIE DOPMYIIBI IS SPrONUIECKUAX
U COXPAHSIOIINX MEPY COBMECTUMBIX (DYHKIUI (B YACTHOCTHU, COBMECTUMBIX IIEJI0-
3HaYHBIX MOIMHOMOB Han Q) Ha Zs npusenens! B [11]. B nannoit pa6oTe npuBeneHs!
sIBHBIE (POPMYJIBI, 3aaI0IIe COBMECTUMbIE dProfNvdecKe NN COXPaHSIONIe Mepy
bysKIUN Ha Zj, 078 HEYeTHBIX IPOCTBIX P — CM. CJICIyIOIINH pas3aed.

2. SIBHBIE ®OPMYJIBI.

Hamomunwm (cum. [3]), uro mobas yukuus f:Nyg — Zj, (coorBercTBerHo, f:Ng —
Z) DmomyckaeT eNUHCTBEHHOE IIPEACTABIICHIE B BULE T.H. UNMEPNOAIYUOHHO20 PAOa

(©)

T
0

z(x—1)---(x—i+1)
i!

BETCTBEHHO, a; € Z),1=10,1,2,... .

Ecau f paBHOMepHO HempepbIBHA Ha Ny OTHOCHTEIBLHO p-aIWYecKOl METPUKH,

TO €e MOXKHO €IMHCTBEHHBLIM 00pa30M IPONO/DKATHL IO PABHOMEPHO HEIIPEPLIBHOI

Ha Z, ¢ysknun. CrienoBaTelbHO, MHTEPIOSAIUOHHEIN psin GyHKINE f CXOLUTC

paBHOMEPHO Ha Z,. Cupasemmuso yreepxnenue: psan f(z) = > g a; (f), (a; €

Qp, @ = 0,1,2,... ) cxoouTcs pAaBHOMEDHO Ha Z, TOUIa U TOJIBKO TOTIa, KOTIa
p

I[J'ISIi:l,2,...,I/I(

> =1; a; € Z, (coor-

p
lim a; = 0, rme lim ecTh mpemen mo p-aguvuecKoll MeTPUKE; TPU 3TOM DsiI 3a71aeT
1—> 00
PaBHOMEPHO HENPEPBIBHYIO Ha Z, GyHKIUIO. OTa (QyHKIWS IeJ03HAYHA TOrIa 1
TOJIBKO TOTHa, Korna a; € Zy, 1 =0,1,2,... .
Besne namnee B sTom pasnene f:7Z, — 7., paBHOMEPHO HeEIpepbIBHAs Ha Z HK-
p P P

s, npencrasienHas B Buzne (). Cuopasemussl ciaenytommue TeopeMsl (cm. [11]):

2.1 Teopema. (Cwm. 4.3 u3 [11], cm. Taxxe [5]) Pywxyug f:Z, — Z, coemecmu-
Ma moezda u moabko moada, Ko2da

a; =0 (mod plieertl)

dag 6cexi=p, p+1, p+2,... . (3mecy u manee |« mist meficTBUTENBHOTO (v
0603HauaeT GIIIKAIIee K (¢ eJI0e PAIMOHAIIBHOE YUCII0, He TIPEBOCXOMIAIIee ()




2.2 Teopema. (Cwm. 4.5 us [11]) @Pyuryug f:Zy — Za cosmecmuma v cOTPAHIEM
MEPY Mo20a U MoAbKO mo20a, Ko2da ona moxcem 6bimb NPedcmasaena 8 CAedyro-
wem sude:

f(l') =cy+zx+ Zci 2Llog2 i]+1 (1}),
=1

]

2de cg,C1,Co ... € L.

2.3 Teopema. (Cwm. 4.7 u3 [11)) Pywxyusg f:Zo — Za cosmecmuma u 3p200UUHa
moeda u moavko moz2da, k0204 OHa MONCEM ObLIMbL MPeIcmasiena 6 caedyrouem

sude: )
f(.l') =14+z+ Zci 2Llog2(i+1)J+1 (a’;>,

: i
1=0
2de cg,C1,Co ... € L.

XoTs Ojisi TPOU3BOJIBHOTO TPOCTOTO P HEOOXONMMOCTD YCIIOBUM TeopeM 2.2 u 2.3
y2Ke He UMEeeT MeCTa, UX IOCTATOYHOCTh OCTaeTCs cupaBemnuBoii. VimenHo, B maH-
HOM pa3[ieile MBI IOKa3bIBAaeM CIIENYIOIlee yTBEPXKICHNE.

2.4 Teopema. Dynwrkyusg f:Z, — Z,, 20e p — Heuemuoe NPocmMoe UuUcAo0, nped-
cmasaennag 6 gopme (), coemecmuma u corpangem mepy, ecau 00HOBPEMENHO
BBINOANTIOMCA CACOYOUUE CPABHEHUL:

ap Z 0 (mod p);

a; =0 (mod leng iJ*’l), (1=2,3,...

Dynryug f cosmecmuma u 3p200uuHa, €CaU 00HOBPEMEHHO BBINOAHIIOMCI CAE-
QYOUWUE CPABHEHUA:

ap # 0 (mod p);
a1 =1 (mod p);

a; =0 (mod leOgP(HI)JH), (1=2,3,...

s mokazaTenbCcTBa HaM MOHAMOOSTCS IBa BCIOMOTATEIBHBIX Pe3y/IbTaTa, KO-
TOpBIE IIOJIE3HBL U CaMU IO cebe.

2.5 Jlemma. Ilycmv p — mpoussoavnoe npocmoe Yucao, v: Ly, — Ly, — coeme-
cmumad Gywkyud, u nycmsv c,d — p-aduueckue yeavie wucaa, npuuem ¢ zZ 0
(mod p). Toeda gynryusg g(x) = d + cx + pv(x) corpangem mepy, a Pywkyusg
h(z) = ¢+ = + pAv(z) apeoduuna. (3mech u mamee A — omeparTop B3sTUS PA3HO-
ctm: Av(z) = v(x + 1) — v(x). Ormernm, 9TO 1 g, U h, OYEBUIHO, COBMECTUMEI,
T.K. OHI 00€ SIBIISIOTCS KOMIO3UIUSAMU COBMECTUMBIX (DyHKIINIL. )

lloxazameavcmeo aemmor 2.5. CHavaia WHIYKIHEN 110 | MBI TIOKaXXeM, ITO g Onek-
TuBHA 10 Momyio p' mig Beex | = 1,2,3, ... . IIpenmonoxenne, OI€BUIHO, BBIION-
HsieTcs s [ = 1.




[IycTs, manee, mpenmnomnoxenune Bepuo mist [ = 1,2,...  k — 1. Iokaxem, 9TO
Torzia oHo BumonHsAeTca u mits | = k. [lyers g(a) = g(b) (mod p*) mas mexoTopwrx
p-ammaecknx mensx a,b. Torma a = b (mod p*~1) mo npenmonoxenmo wHIYKIHAN.
Orcrona crenyer, uto pv(a) = pv(b) (mod p*), mockombky v coBmecTmma. Hamee,
m3 cpasrerns g(a) = g(b) (mod p*) crenyer, uto ca+pv(a) = cb+pv(b) (mod p*),
a 3HAUMT, uTO ca = cb (mod p*). Tlockombky ¢ #Z 0 (mod p), U3 HOCTEmHETO CpaBHe-
HUS BRITEKaeT, uTo a = b (mod p*), 4To mokaseiBaeT mepBoe yTBEPKICHHE JTEMMEL.

s mokasaTenbcTBa OCTABIIErOCs YTBEPKICHUS JIeMMbI OTMETUM BHAYAJIE, YTO
13 y¥XKe IOKA3aHHOTO TEPBOTO YTBEPKICHUS CIIeyeT, 9TO h coxpaHseT mepy. s
IIOKA3aTeIbCTBA TPAH3UTUBHOCTH h 10 Momyiio p* mms Bcex k = 1,2,3,... BHOBb
IPUMEHNM UHIYKIUIO 110 K.

OueBunno, uTo h TpamsuTuBHA 110 MOIyT0 p. IomycTum, uTo A TpaH3UTUBHA IO
momymio pF~t. Torma, mOCKOIBKY h MHOyIUPYeT HOICTAHOBKY HA KOJIbIE BEIYETOB
z/ p* U SIBIISETCS COBMECTUMOI (YHKIIMEH, TO AJIINHA JTF060T0 KA HTOM HOICTAHOB-
K KpaTHa p’T1; mosToMy IS IOKa3aTelsCTBA TOTO, UWTO 9TA MOICTAHOBKA MMEET
eNMHCTBEHHBII IIUKJI, JOCTATOYHO MOKA3aTh, 9YTO (DyHKIINS

k—l)

UHIyIUPYEeT MOACTAHOBKY C eIUHCTBEHHBIM IUKJIOM Ha unease (p kombia Z/p",
k—1

MIOPOXKIECHHOM djieMeHTOM p"~ *. Jlpyrumm ciioBaMu, HOCTATOYHO IMOKa3aTh, UTO
k-1
dyHKIIISA pkl_l h? (pk_lx) TPaH3UTUBHA IO MOLIYJIIO P.

C IIOMOIIIBIO OYE€BUOHBIX IIPAMBIX BBIYMCJICHUN IIOCJIEN0OBATEIBHO IIOJIydaeM, 9TO

W (z) = c+z +pu(z +1) — pu(a),

W () = bW~ (2)) = ¢j + W71 (z) + po(K~ () + 1) — pu(h? ™' (2))

j—1

—cj+a +va(h"(m) +1)—p> v(hi(x)),

u T.1. Hammomsamy, ato h°(z) = = mo ompenerenmio. Takmv o6pasom,

PPl
k—1

W (x) =" o tp Z v(h'(z) +1) —p Z v(h'(x))- (1)

Tak xax h TpaH3uTUBHA 10 Momyiio p* 1 u coBmecTmMa, TO

k—1_1 k—1_1 k—1_q

p p p

Yo ohi@)+1)= Y whi@)= Y w(z) (modptt),

1=0 =0 z=0

3HauuT, u3 (1) crenyer, aTo hpkfl(a:) = cpF! + = (mod p*). Tockomexy ¢ % 0

(mod p), dyskuus cp ! + z, oueBnaHO, HEAyIUpYeT Ha uneate (p* 1) moncramoB-

Ky, IMEIOIIYIO TOJBbKO OOVH IIUKJI, YTO 1 3aBEPIIaCT NOKa3aTEIbCTBO JIEMMEI. O




2.6 CanencrBue. B ycaosugr aemmvr 2.5, ecau p wewemno, a v = 1(modp), mo
Pynryug ¢ + rx + pAv(x) cosmecmuma u ap2oduuna.

Hoxazameavcmeo caedecmeug 2.6. Umeem r = 1 + ps s NOOXONSAIIETO S € Zy.
Ilaee, TOCKOIIBKY p HEYETHO, TO (QYHKIIUS 3(“23) COBMECTUMAa; 3HAYUT, U DYHKIUS
v1(z) = s(3) +v(z) coBmectuma. Onnaxo Avy(z) = s+ Av(z), 1 HAM TOCTATOIHO

JIAIIb IIPDVUMEHUTDL JIEMMY 2.5 IJI 3aBEPIICHUS NOKa3aTeJIbCTBa CJICOCTBUA. ]

lloxazameavcmeo meopemvr 2.4. Samerum, 9To B cuiny 2.1 coBmecTuMast GyHKIIAS
v(z) MOXkeT GBITH NPENCTABICHA B CIIEMYIOIIEM BIIE:

o(z) = at i sl ) (%),

roe a,bi,by,... € Zp. IlockombKy Llogp zJ = Llogp(z#— 1)J IJIsST BCEX 1

kpome i =p' — 1, (t =1,2,3,...), n Tak Kax

Av(z) = 2 biplioss ] (z * 1),

MBI 3aBepIaeM J0Ka3aTeIbCTBO TeOpeMbl, mpuMeHss 2.5 u 2.6. [J

IIpu p = 2 noxazaHHBIE BBIIIE PE3YIbTATHI TO3BOJISIOT MOIYYUTH €I1le OIUH II0-
JIE3HBII KPUTEPUI TOTO, KOraa (GyHKIUS COBMECTAMA U COXPAHSET Mepy (Wiu sABIIsi-
€TCsl OPTOMMIECKON ).

2.7 Teopema. Pywruyug f:Zo — Lo cosmecmuma u corpangem mepy (coomseem-
CMBENHO, COBMECTIUMG U 3P200UUKA) MO20a U MOAbKO Mo20a, K020a ee MOHCHO
npedcmasumy 6 sude f(x) = ¢+ x + 2v(z) (coomeemcmeenno, f(x) =1+ z +
2Av(x)), 2de ¢ € Zsy, a v(x) — coemecmumad GyHKyuL.

lloxazameavcmeo. Jlerko cnenyer u3 2.1-2.3 m 2.5 B KOMOWHAIINN C PABEHCTBOM
(1) u3 mokasarenbcTBa Teopemsbr 2.4. [

Jlemmy 2.5, crrencTBue 2.6 1 TeopeMy 2.7 MOXXHO IPUMEHUTH K 3aade IIOCTPOEHUS
COXPAHSIONINX Mepy WX 3PToanvecKnxX (QyHKINH KaK KOMIIO3UINN 3apaHee 3adaH-
HBIX COBMeCcTHMBIX dymkmmii. Hampumep, momaras v(z) = (22) XOR(z + 32 AND )
(sTa dhyHKIUS COBMECTIMA KaK KOMIIO3UIMSI COBMECTUMBIX (DYHKIINN) MBI [IOJLY YaeM,
9TO0 QYyHKIUSA

7+ +2((x? + 22+ 1) XOR(z + 1+ 32 AND(z +1))) — 2(z> XOR(x + 32 AND z))

spronuyHa — (HaKT, KOTOPBI HEMPOCTO YCTAHOBUTH HEIOCDPENCTBEHHBIM MPUMe-
HeHneM TeopeM 2.2 u 2.3. Kcratu, nis ciydas p = 2 Teopemy 2.7 MOXHO CJIETKa
nepeOpMyINpPOBATD, CHENIAB Iy Th 60/Iee IPOCTHIM €€ IPUMEHEHNE 715 IOCTPOECHNUS
SProanvdecKnx QYHKINUN C MOMOIIBIO ONEPAINA CIIOXKEHUS U OPa3PSIIHBIX JIOTHUe-
CKUX OIEPAINil TUIA IOPa3PsIHOTO UCKIoUnTenbHOro «uiams, XOR, mopaspsmHo-
ro «m», AND unu NEG, mopaspsnuaoit maBepcuu. WMeHHO, JIeTKO BUOETH, UTO
B KOJIbIle Zgy BBHINOJIHSETCS cienyomee Toxnectso: z + NEG(z) = —1. 3naunr,
Av(z) =v(z+1) —v(z) =v(x+ 1) + NEG(v(z)) + 1, u MbI mosyuaeM ciemyroriee
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2.8 Ilpenmoxeune. Pywryusg f:Zo — Zo cosmecmuma u 3p200uuna moz2da u
moabko mozda, Koeda ona moxcem Obimb NPedcmMasaena 6 A000M U3 CACOYOUUT
6u008:

flz)=14z+2v(z+1)+NEGov(z))
f(z) =242+ 2v(z + 1) + NEG(2v(x)
f(x) =3+ z+2v(x+ 1) 4+ 2NEGo(z),

),

20e v: Lo — Ty — NPOU3BOALHAL COBMECTNUMAA PYHKYUA.

[TockombKy yMHOXEHUE Ha 2 €CTh IPOCTO CABUT ITBOUMYHOHN 3allCH YHUCIa Ha 1
pas3psi B CTOPOHY CTAapIINX Pa3psmaoB, MPemyoxkKeHme 2.8 MOXKHO TPUMEHSITH IIPU
MIOCTPOEHUN TICEBIOCTYYaHBIX T€HEPATOPOB HA OCHOBE «OBICTPHIX®» KOMIBIOTEPHBIX
KOMAHJI TUIIA CJIOXKEHUS, TIOPA3PIIHBIX JJOTUUYECKUX OIEPAIINA U CIIBUTOB B CTOPOHY
CTapIINX Pa3psnoB, 3amaBas PYHKIINIO v KaK KOMIIO3UIINIO STUX ONEPAIIN.

Takxe cTouT OTMETUTH, YTO BCe (PYHKIMM, onucaHHble B 2.4 — 2.8 «abhPuHHBL
[0 MOLYIIIO pP», T.€. 3a4ai0T Ha Z/p npeobpa3oBaHus Buma T — a + bx.

3. I'EH3EJEBCKUN IOOBEM.

B namnOM pasmene MBI m3ydaeM YCIIOBUsSI, IPU KOTOPBIX DYHKINS, 0OJIaIaroas
OIHUM BazKHBIM (OIpPEIeIsIeMbIM HIKE) CBONCTBOM PABHOMEPHON nuddepeHuupye-
MOCTH 110 MOIYJIIO p*, 6yIeT paBHOBEPOATHON, MM SPTOIUTIHON, MM COXPAHSIOIICH
Mepy. PesympTaThl 5TOrO0 pasmena, Kak IpaBUIO, NEMOHCTPUPYIOT YIOMSHYTHIN
BO BBemeHUU >PPekT: M3 TOro, uTo GyHKIMsI F' obamaeT HEKOTOPBIM CBOWCTBOM
o0 Momymo po BEITEKaeT, YTO OHA OOJIAMACT STUM CBOMCTBOM IO JIO6OMY MOIY-
a0 p" mits Bcex n > kg. Kpome Toro, ymMecTHO 3aMETUTH, UTO PE3yIbTATHI HTOTO
pasmesna, B OTJIHYME OT Pe3yIbTAaTOB IPENBbIAYIIIETO, MO3BOJISIIOT CTPOUTH COXpa-
HSOILNME Mepy WiIn sprogudeckue QyHKINN, KOTOpble He 00513aTeTbHO ahGUHHBL 110
Monyio p. PakTuuecku, Ha OCHOBE PE3YJILTATOB ATOTO Pa3aesia MOXKeT ObITH Pa3BU-
Ta HEKOTOPas TEXHUKA, ITO3BOJIAIONIAS «IIOMHIMATDL® MPOU3BOJIbHOE TPAH3UTUBHOE
npeobpasoBanue Kojbla Z/ p*o no pymkimnm Ha Zyp, TPAH3UTUBHON IO MOIYJIIO p*
mist Beex k = ko, ko + 1,ko + 2,... . VmMenHO 1o 5TOW mpUYWHE MBI BBOOAUM HU-
e TIOHSITUE ACUMITOTHYECKN coBMecTuMon dynkimu. CaMma Xe 5Ta TEXHUKa He
paccMaTpuBaeTCs 3[1eCh, & COCTABUT IIPEOMET CIIeAYIOIIel CTaThU.

Brauaste HamoMHIM HECKOJIBKO OIpeneseHuil, 0600IIIafoninX HEKOTOPhIe U3 Ha-
IIIMX OCHOBHBIX moHsATHil (cM. 5.1 m3 [11]).

3.1 Oupenenenne. Ilycts F = (f1,... ,fm):Zé") — ZI(,m) — HeKoTopass (PyHK-
nust, He 06s3aTenbHO coBMecTuMast. Dynkuusa F HasbBaeTCA (acumMnmomuuecku)
pasnoseposmuoti, ecnu st Beex k = 1,2,... (COOTBETCTBEHHO, BCEX NOCTATOYHO
Gombrmx k € N) ona pasnosepogmmua no modywo p*, T.e. orpammuenne F mod p* =
(fi mod p*, ..., fn mod p*) dyrkmum F ma mmoxkectso {0,1,...,p* — 1} ecTs
paBHoBeposTHas GyHkusa. (OTMeTHM, 9TO MBI B CJIydasiX, KOTIa 5TO HE BHI3LIBAET
HeZopa3yMeHuil, OTOXAeCTBIseM MHOKecTBO {0,1,... pF — 1}(”) CO MHOXKECTBOM
BCex sremenToB xombia (Z/pF)(™). Amanormaso, Mer roopumM, uto F acumnmo-
muuecku corpangem mepy (COOTBETCTBEHHO, 4TO F acumnmomuuecku apeoduu-
na), ecm F' mod p* ecTs 6uekTuBHas (COOTBETCTBEHHO, TPAH3UTHUBHAS) (BYHKII
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ua (Z/p*)™ mma Beex mocraroumo Gompmmx k. Hakomerm, Gymes rOBOPUTH, €UTO
F acumnmomuuecku cosmecmuma, eCiu HANIETCS TIOJIOKUTEIILHOE PAINOHAIBHOE
nemoe N Takoe, 4TO I Bcex a,b € Z}(J‘) u Bcex k > N wu3 cpaBHeHus a = b
(mod p*) BoiTexaer cpasmerue F(a) = F(b) (mod p*).

ITo onpenenenuto, mist a = (ay,...,a,) u b = (by,... ,b,) u3 @I(,") CpaBHEHUE
a = b (mod p®) osmauaer, uTo |la; — bil|, < p~° (mnum, 4TO TO XKe camoe, UTO
a; = b; + ¢;p® mns mopxomswx ¢; € Zy), 1 = 1,2,...,s, T.e. uro |[a —b|, < p~°.
Hpyrumun cnoBaMu, GYHKIUS aCUMITOTHYECKN COBMECTUMA, €CIIU IS HEKOTOPOIO
N € Ny ona ynomeTBopsieT ycioButo Jlummmmuia ¢ kosddunumentom 1 mis Bcex
map TOYEK, HAXOMAIIAXCS ONHA OT MAPYTOH HA DACCTOSHHUE MEHbBIIeM, deM p .
BBumy KOMIAKTHOCTH TPOCTPAHCTBA Z;  CKazaHHOE O3HA4YaeT, 4To (yHkuus F
ACHMIITOTUYECKH COBMECTHMAa TOI[a M TOJIBKO TOrNA, KOrIa OHA YIOBIIETBOPSET
ycoButo JIumimuiia ¢ KOHCTaHTOR 1 JIOKAJTBHO.

Hist yno6GeTBa anTaTens HAIOMHIM ellie HeKOTopble cBemeHus u3 [11]. @ynkuns

F = (fi,- ,fm):Zén) — Zém) Ha3bIBaeTCa JudPepenyupyemoti no modyaso p~
B TOUKe U = (Uy,...,U,) € Z;,"), eCl HAIMYTCs TOJI0XKUTEIHHOE PAlNOHAIBHOE
menoe N u marpuna Fy (u) pasmepa n x m nan Q, (HasbiBaemas mampuyet Arxoou
no modymo p* dymkumm F B Touke u) Takme, UTO A JOOOTO TONOKUTETHHOTO

pannonansHOro neoro K > N u moboro h = (hy, ..., hy) € Z;(,n) IIPY BBIIOJIHEHUH

nepaserctsa ||h|, < p~¥ Bomonusercs cpasrenne

F(u+h)=F(u)+hF,(u) (mod p**¥). (@)

B ciayuae m = 1 marpumna Skobu mo momymmo p* HasbBaercs duddepenyuaiom no
modymo p*. Tlpu m = n onpemenurens MaTpuns Jkobu mo MomyTo p* HaseIBaeTCS
axobuarom no modymo pF. DaemenTsr Marpunsl Jdkobu mo momymio pF HazbBa-
I0TCST UACTVHBIMU NPOU3B00HLLMU N0 MoOYyato p* dyukmmu F B Touke u. YacTHyio
IPOM3BOMHYIO (COOTBETCTBEHHO, muddepennuair) mo Momy:o p* Gymem mHOTIA 06O-

Ok fi oL F

%x@) (coorBercTBerHO, Kak dipF(u) =Y " ’ék—g_l)dkxi).
J - K

/3 1pUBEACHHOTO OIPEHEIICHUS CPasy CIICAYET, UTO YACTHBIE IIPOU3BOLHBIE IO MO-

mymio p* dymxmEn F onpenesieHb ¢ TOTHOCTHIO /10 TIeTIOTO P-aIIuaecKOTO CIATaeMOTO

¢ HOpMOI1, He mpeBocxonsieit p~*. B ciyuae, Korma Bce YacTHBIE IPOM3BOIHBIE IO

3Ha4YaThb KaK

Momyio p¥ BO Bcex TOUKAx m3 Zén) SIBJISIIOTCS IIEJIBIMU p-aqUIeCKUMU ducaaMu, O0y-
IIeM TOBOPHUTD, U4TO (DYHKIWS F UMEET 4eA03Haunyio npou3sodnyio no mody.uo p*;
IIpU 5TOM KaXKION YaCTHON TPOU3BOMHON IO MOIYITIO p" comocrasmsercs onHO3HAU-
HO OIIPENeJIEHHBIN 3JIEMEHT KOJIbIla BBIUYETOB 7 / pk, a marpuma Jxobu 1mo Momysro

p* B KaxmOl TOUKe U € Zgn) paccMaTpUBAeTCs KAk MAaTPULA HAI KOILIOM Z/ p".
IIpu TAKOM COTJIAIICHHUH «IIPAaBIIa MuddepeHIIIPOBAHIS TI0 MOLYIIIO pr> mMeroT

Ty ke GOopMy, UTO U B CiIydae oObIYHOTO nudPepeHnnpoBaHus. , C TON JIUIIbL pa3-

HUIIEH, YTO PABCHCTBA 3aMEHSIOTCS Ha, CpaBHEHUs 1o Momymo p*. Hampuwmep, ecian

dyuxunu G: ZZ()S) — ZI(,n) n F: Zl(yn) — Z;,m) obe nuddepeHnnpyeMbl 0 MOLyIio p* B
TOYKAX, COOTBETCTBEHHO, V = (V1,... ,Us) 1 u = G(V), IpuueM uX JaCTHBIE TTPOU3-
BOIHBIE IO MOLYIIO p¥ B 9TUX TOUKAX SBISIOTCS IEIBIMU P-aIMUeCKIME UHCIIAMI,

To xommosutus F o G: Z;(,S) — Z;(,m) 3TuX QyHKIU nuddepeHIupyeMa 10 MOMIYIIIO
p* B Touke Vv, 3HAUEHNS BCex ee YACTHBIX MPOM3BOMHEIX TIO MOMYITIO p* B 9TOl TOUKe
ABIIAIOTCA HETBIMU p-amudeckumu quciamu, u (FoGQ)) (v) = G, (v)Fi(u) (mod p*).
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Ilo apasiorum ¢ KjIacCUYeCKIM onpenesJeHueM OJId (l)yHKI_[I/II/I F BBOOUTCA IIOHATHUEC

pasromepHoti duddepenyupyemocmuy Ha Zén) no modymo p*; manmensmee K € N
Taxoe, aTo (V) BBIIONHSAETCS Cpa3y MLl BCeX U € Z;n) kax Tonbko || hyl, < p~K(i =
1,2,...,n) obosnauaercs yepe3 Ni(F'). DTor mociaenuuii mapaMeTp UTPaeT BaxkK-
HYIO POJIb B MAJILHEUIIIEN TeOpUN.

Hanomumm, uro, cormacuo 2.12 u3 [11], ecnu dyukuus F' paBHOMepHO nudde-
peHImpyeMa o MomyiIio p* Ha Z]gn), TO BCE ee YaCTHBIE IIPOU3BOMHBIE 110 MOILYJIIO
p* sBmsmoTcs mepuonmaeckumu GyuxmusaMu ¢ nepuonom plVk(F) | D10, B wacTHOCTH,
O3HAYAET, UTO KAKIYIO YACTHYIO IPOM3BOMHYIO IO MOLYIIO p¥ MOXKHO paccMaTpi-
BATH Kak (DYHKIIO, 3aJaHHYI0 Ha Kosble BhraetoB Z/pVk(F) . Bomee Toro, ecmm

dyukuusa F = (f1,..., fm): N(()n) — N(()m) MOXeT OBITH MIPOMOJIZKEHA, [0 PABHOMEPHO

muddepernupyeMoit mo Momyao p* (QyHKINIEM Ha BCE IPOCTPAHCTBO Zén), TO OHA
MOXKeT OBITH IIPOIOIKEHA BMECTE CO BCEMI CBOMMI ITPOM3BOMHBIMI IO MOLYITIO p~.

Besne nanee F' = (f1,..., fm): Zz(,n) — Z;,m) uf: Z,(gn) — 7, — paBHOMEPHO mud-
(dhepeHIIIpyeMbIe TI0 MOAYITI0 P QYHKIUN. DTO OTHOCUTEIHLHO cilaboe OrpaHuIeHne,
IIOCKOJIBKY BCE paBHOMEpPHO nuddepeHnupyeMble Ha Z;n) pyHKIIUM, a TakKXKe BCe
paBHOMEpPHO nuddepeHnupyeMble 10 MOIYJIIO0 pk st HekoToporo k > 1 dyuknnm
paBHOMEPHO nuddepeHnTupyeMbl IO MOIYIIO P Ha Zz(,n).

[Ipumeps! GyHKIIUI, HE SIBISIOMIAXCS PABHOMEPHO OuddepeHIInpPyeMbIMI, HO TEM
He MeHee paBHOMEPHO nuddepeHnupyeMbIX 0 MOLYIIo p naioT Gyukuus f(z,y) =
x XORy mpu p = 2 u ee COOTBETCTBYIOIINE AHAJIOTU IIPU P 7 2; BCE YACTHBIE IIPO-
W3BOMHBIE IO MOMYITIO P 3TUX QYHKIIAN CPAaBHUMEI ¢ 1 1TO MOIYJIIO P BO BCEX TOUKAX
(cm. [11]). 3amerum kcTaTu, 9T0 GYHKIUS KIPUBENEHUS IO MOLYIIIO P>, T.€. BBe-
nenHas patee ¢yHkuus modp™:Z, — Z/p™ paBHOMepHO nubdepeHIIpyeMa Ha Zy
(ee mpomsBonHas pasHa 0 Bo Bcex Toukax); yukims f(z,y) = ¢ ANDy ne saBs-
eTcss nuddepeHnupyeMOl TT0 MOMYII0 2 HU B OMHOW TOYKE W3 Zg) (kax QyHKIHS
IIBYX MEPEMEHHBIX ), OMHAKO OHA PABHOMEPHO muddepeHmpyeMa 1o & Ipu KaxKIoM
y € Z: ee npousBonHas paBHa (0 eciu y > 0, u 1 B mIpOTUBHOM CITydae.

Oxa3sbiBaeTCsl, CBONCTBO (DYHKIMHN ACUMITOTUIECKN COXPAHSATH MEpPY WM OBITh
ACIMIOITOTUYECKA COBMECTUMON, HAJIATaeT OITpeNe/IeHHbIE OTPAHNTIEHNS Ha 3HAUEHU S
HOPMBI TIPOU3BOMHON IO MOIYITIO P.

3.2 Ilpennoxenne. FEcau pynwyug f:7Z, — Z, acumnmomuuecku cOTpaHIem
mepy, mo ||fi(w)|p =1 60 scex moukazr u € Zy.

Tokazameabcmeo. T1OCKOTBKY KazKIas TaCTHAS IPOU3BOIHAS IO MOLYIIIO pF dyHK-
unu f nepuonmura ¢ mepuonoM pVE() | yTBepkIeHEE NOCTATOYHO HOKA3ATH JIMIIb
ms Touek u € Ng. U3 onpenernenns nubdepernupyeMocTs o Monyo p* cremyer,
gro npu K > Ni(f) u u € Ny ycnosue

flu+h) = f(u)+hfi(u) (modp™*) (1)

BBITOJHAETCA Kak Toibko ||hll, < p~®. Ecmm 681 ||f](u)]|, < 1 mns mexoroporo
u € Np, To u3 ycnosus fij(u) = 0 (mod p) u cpasuenus (1) cimemoBasio Gbl, YTO
flu+p%) = f(u) (mod p%*1). Tlocnenmee cpaBHeHmE O3HAUAET, YTO IS BCEX
K > Ny(f), takux aTo u + pE < pFEtl — 1 pyuxuums f He ABITETCS GUEKTUBHOM O
momymio pX 1. TIporusopeune. [J




3.3 CnenctBue. Fcau 8 ycaosusaxr 3.2 ¢ynwkyug [ pasnomepro duddepenyupye-
ma, mo || f'(uw)|lp =1 dag ecex u € Zy.

lloxazameavcmeo. U3 onpeneneHus IpON3BOMHON IO MOIYJITIO P HEMEIJICHHO CJICMY-
€T, 4TO

filw) = f'(v)  (mod p)

s Bcex u € Zp. Iostomy f'(u) = fi(u) + ps(u) mns momxomsimeinn dyHKIHN
s:Zy — Zp. Onnako ecnu || f1(u)||, = 1, TO u3 mocienHero paBeHCTBa ¢ OYEBUILHO-
cTei0 BhITeKaer, 4To ||f'(u)||, > 1 mo cBoficrBaM p-ammueckoil Merpuxu. Temeps
yTBepxkKIeHue cienyet u3 3.2. [J

YTBep:xknenue, oOpaTHoe K 3.2 HEBEPHO: OYEBUIHBIM KOHTPIPUMEDPOM CIIYXKUT
dyHKIITS w22_ L na Zo. Ona obpammaercs B 0 B Toukax 0 u 1, HO ee mpousBomHAS
nmeer HOpMY 2. Tem He MeHee, QYHKIIME TAKOTO TUIA JIOKAJILHO MHBEKTUBHBI.
Bosee Touno, cupaBenmBo ciemyroree

3.4 IIpennoxenne. FEcau $ynsyug f:7Z, — Z, pasrnomepno duddepenyupyema
no modyaw p, u ecau || fi(uw)|p, = 1, mo npocmparncmeo Z, moxrcro npedcmasums
8 8ude 00beIUHEHUT KOHEUHO20 YUCAQ NONAPHO HENEPECEKAIOWUTCI OMKPLUMLLE

(sxeusasenmmuo, 3amxnymux) wapos U, dag Komopuir cnpasedauso caedyouee:
ecau a,b €U, k > Ni(f) ua#b (mod p*), mo f(a) # f(b) (mod p*).

ﬂomwamenbcmeo. PaCCMOTpI/IM O6’]:>6,HI/IH6HI/IG

Zp = U ((L +pNZp),
a=0

rme N = N;(f). Kaxnoe maoxectso U = a + p»v Zyp €CTh OTKPBITHI U OMHOBpE-
MEHHO 3aMKHYTHIH map pammyca p~~ (em. [3]). Hyers u,v € U, n mycTsb u # v.
Torma v = u+h, rme ||h||, = p~% n1a HEKOTOPOTO MONOKUTENTHLHOTO PATTHOHATIHHO-
ro mesioro K > N. U3 onpenenenus nuddepeHINPYEMOCTH IO MOLYJIIIO P CIIEMYET,
9TO

flu+h) = f(u) +hfi(u) (mod p"*1). (1)

Hostomy, ecu f(u) = f(v) (mod p¥), To us (1) BerTexaer, uro || f1(u)|, =p~* <
1. IIpoTtuBopeune. [

W3 sToro mpemitoxeHus: CiIemyeT, 9TO €CIIM HOPMa, MPOU3BOMHOW IO MOMIYIIIO P
HEKOTOPOW paBHOMEPHO nuddepeHnupyeMorl 0 MOMYI0 p GYHKIIIN HE MeHee 1
BCIONY Ha Zyp, TO QYHKINS, MOXET OBbITh, «CKJIEUBaeT IO MOIYJIIO p*> npu mocra-
TOYHO OOJIBINNX k JIUIIL T€ TOYKU, KOTOPBIE JIEKAT B PA3HBIX IIapax, YIOMSIHYTHIX
B 3.4. Orcrona ciemyet

3.5 Ilpennoxenne. Ilycmo f:7Z, — Z, — pasnomepno duddepenyupyemad no
modyaro p Ppyuryud. Ona aCUMNMOMUYUECKY COTPAHIEM MePY M020G U MOALKO
moeda, K020a 00H0BPEMEHHO BBINOAHANMCA CACOYIOUUE YCAOBUL:

(1) Ifi(w)|lp =1 80 scex moukazr u € Zy;
(2) f(a) # f(b) (mod p") dasg ecex n,a,b € Ny maxuz, wmo ||a—b|, = p~ M)
u0<a,b<pt—1. O




A.A Heuaes 3ameru, uro dyukims f(z) = 532% Ha Zo ACUMITOTHYECKU COXPa-
HseT Mepy (9To MoxeT GbITH BhIBeIeHO Takxke u3 3.5). Ilosromy, eciu g: Zo — Zo
— coBMecTuMast GYHKIWsI, COXPAHSIOIas Mepy (Bce Takue (yHKINY ONUCAHBL, CM.
2.2), to xommosurus h(z) = g(f(x)) ectb paBHOMepHO muddepeHnnpyeMas o Mo-
oymo p = 2 QyHKIUs, ACUMITOTHYECKN COXPAHSIOas Mepy, npuaeM | gy (u)|2 = 2
BO BCEX TOYKAX U3 U € Zy. Hpyrux paBHOMepHO nuddepeHIpyeMbIX 0 MOLYIIIO P
dbyuxunit f:7Z, — Z,, aCHMITOTHIECKI COXPAHSIOIINX MePY I NMEIOIINX IIPOU3BOLI-
HbIE II0 MOIYJIIO P, HOpMa KOTOPBIX He MEHbIIE 4eM 1 Hurme Ha Z,, He CyLIeCTBYET
(cm. [10]). HoxasaTeabCTBO HTOrO HOCIENHETO YTBEPIKICHIS UCIOIB3YET He TOIBKO
amnmapaT p-a[ndeckoro aHajIn3a, HO U METONBI aIre6paniecKoil reOMeTPIH.

[Tocnenuee 3amevyaHye, B 9aCTHOCTH, WIIIOCTPUPYET TOT (AKT, YTO BTOPOE W3
yCIIoBIil KpuTepus 3.5 NOCTATOYHO CIIOKHO IIPOBEPSIEMO, HMOCKOJIBKY HEOOXOMMMO
BBIYNC/IATH 3HaUeHUs GyHKIUM B GeCKOHEYHOM umcse Touek. Ho mpobreMy MOx-
HO YIPOCTUTb, HAJIOXKUB Ha UCCICAYeMyHO GYHKIUIO f NONOJHUTEIHLHOE OrDAHIU-
venme. VIMeHHO, GyleM CUMTaTh, uTO f OTOGpaXkaeT Kaxkmblil map pammyca p~ M
(rme M > Ny(f)) B map pammyca p~ M| (crenosaTenbHo, SBIgeTCA aCHMITOTHYeE-
CKH COBMECTHMOI1). DTO OUPaHMYEHNE YKBUBAJICHTHO TOMY, 4TO QyHKIUs f mMeer
IEIO3HATHYO IIPOM3BOLHYIO II0 MOLYIIIO P.

3.6 Ilpennoxenue. FEcau dag nexomopozo M > N1(f) pasnomeprno dugdepen-
yupyema no no modymo p Gynkyug f omobparcaem xaxcoviti wap paduyca p~ M
6 wap paduyca p~M, mo f|(a) € Z, dag ecex a € Z,. Obpammno, pasnomepo
duddepenyupyemad no modyao p GYHKYUL, UMEOUAT UCAOZHAUHYI NPOU3E0OHYIO
no modymo p, omobpaxcaem Kaxcows wap paduyca p~ ™M 6 wap paduyca p~™ dug

ecex M > N1(f).

IZloxazamesvcmeo. Ecm M > Ni(f) u ||h]l, < p~M, To u3 onpenenenus pasmo-

MepHolt muddepertmpyemocTn 1o Momyio p* (M. 2.4 u3 [11]) cremyeT, uTo
fluth) = f(u) +hfi(u) (mod p™*t) (1)

nis Beex u € Zyp. C npyroit ctoponsl, us sxmouenns f(a + pMZ,) C f(a) + pMZ,
ClTeyeT, 9To

1f (w+h) = fF)ll, <p~™ (2)

nis Beex h Taxux, uro |||, < p~™. Cpasmusas (1) u (2), MBI BEAUM, YTO
| fi(uw)]lp < 1. O6paTHOe yTBepkKeHNe SKBUBAJIEHTHO ACUMITOTHYECKOR COBMECTH-
moctu dpysxmmn f (em 2.10 u3 [11] ). O

Besme majee MBI DOMOTHUTENIBLHO cumTaeM, 9To GyHKmu [ u F umMmeroT meso-
3HAYHBIC MPOM3BOMHBIC IO MOOYJIO p. B 9acTHOCTH, 5TO 03HAYAET, YTO (DYHKIAM
f u F acumnroruyeckn coBmectuMbl (cm. 2.10 m 2.11 u3 [11]). Cdopmynupyem
Tenepb HeOOXOMUMBIE U JOCTATOUYHBIE YCIOBUA TOTO, 9YTOOLI GyHKINS F coxpaHsaia
Mepy, U JOCTATOYHBIEC YCIOBUS TOTrO, 9YTOOBI (hyHKIUA F' Oblia paBHOBEPOSATHOIL.

3.7 Teopema. Ilycmv F = (f1,..., fm): Zl()n) — Z;gm) — pasHomepro Judpepen-
YUPYEMAT N0 MOOYAI0 P GYHKUYUL, UMEOWAT YEAOZHAUHDIE TPOU3E00HBLE O MOODYAI0

18




p 6c100y wa Zy,. Tozda F' acumnmomuuecku pasHoBepOIMHG, €CAl OHG PAEHO6E-
poamua no modyso p* dag mexomopozo k > Ny (F) u pane ee mampuyv, drobu
Fl(u) no modymo p pacen m 60 6cex mourar u = (uy,... ,u,) € (Z/p*)™).

Tlokazameavcmeo. s & € (Z/p°)™ obosmaanm F1(€) = {y € (Z/p*)™
F(y) = € (mod p®)}. Ilycts s > k > Nyi(F). Tak xax F acuMOToTU4ecKu
COBMECTHUMA, TO, TMOCKOJILKY F €CTh CyMMa COBMECTUMON (DYHKIIUU U MEPUOmITIe-
ckoit dyskmmn ¢ mepmomom pN'F) (car. 2.10 m3 [11]), MBI 3akmOUaEM, UTO eCiIm
n € F2L(8), To 7 € FyY(E). 3Bmecs, xak MBI yCIOBHTHCH BO BBEZCHHH, O =
(@1,...,0m) € (Z/p*)™ o6o3mauaer o mod p® = (a; mod p®,... ,a, mod p*),
roe o« = (ai1,...,0m) € (Z/p*TH) ™). Tonoxum A = 7 + p°o € (Z/p*F1)™), rne
oe(z/ p)("). BBuny paBaOMepHOU nuddepeHnmpyeMocT GyHKINN F' 110 MO0
p, (em. (D)) umeem

F(X) =F(n) +p'oF{(n) (mod p*™). (1)

Hockombky F(7) = € + pFB (mod p*t1),& = € + p®y nna nomxomsmmx (3, €
(Z/p)™, to m3 (1) crenyer, ato A € F,}(£) Torma m TombKo TOrZa, KOrma
A€ F7H(E) (re. xorma ) € F71(€)) m KoopmuHATE! BEKTOPa (¢ YIOBICTBOPAIOT
CJIENYIOIIEN CUCTEME JIMHENHBIX yPaBHEHUN Hal 1oyieM Z/p:

B+ aFi(7) = 7. (2)

Taxkum o6pas3oM, eciau cTONOIL MaTpibl FY(7]) IUHENHO He3aBUCUMBI HAM IMOJIEM
Z/p, To cucrema (2) mMeer B TOUHOCTU P"~ " PA3NMUHBIX PEIICHUIN IPU JEOOLIX
B, € (Z/p)™. Orcioma cremyer, aTo

[Fh O = [FTH O™ (3)

Bmaunt, ecu F' paBHOBeposaTHA 10 Momymio p¥ (T.e., ecmu |[F 1 (€)| me 3aBucuT oT
€) u paur matpuust F(7) paser m, to u3 (3) caenyer, uro F' paBHOBeposTHA 110
momymo p*tt. [

3.8 CiienctBus. 1° Iloaoxwcum m =1 8 ycaosuar meopemvr 3.7. Toeda F acunm-
nmomuuecky pasnosepoamua, ecau F pasnosepogmua no modyao p* dag nexomo-
po2o k = Ni(F), u dupdepenyuan diF no modyao p gynrxyuu F ne obpawaemes
6 0 nu 6 00noti mouxe uz (Z/p*)™).

2° ITyemo f(x1,... ,Tn) — NOAUHOM C YEALIMYU D-AOUUECKUMY KOIPHUYUEHMAMU
0M NEPEMEHHBIT L1, ... , LTyn. Loaunom f pasnoseposmen, ecau oH PasHOEEPOIMEH
no MOOYAI0 P U BCE €20 UACMHbIE NPOUZBOIHbIE HE 00PAULAINMCI 00HOBPEMEHHO 6
0 no modyao p wu 6 0dnoti mouxe uz (Z/p)™.

Lloxazameavcmeo. Y TBepxkIeHne 1° €CTh TPUBHAILHOE CJICICTBHE TEOpEeMBI 3.7.
B cBoto ouepens, 2° cpasy ciemyer u3 1°, mockonbKy mis Beex f € Z[xy,... ,Ty)
mveer Mecto Ni(f) < 1. Ocramoch moka3aTh MOCIEqHEE HEPABEHCTBO.

ITo dopmyne Teitmopa,

n 0
f(z1+he,... ;20 + hy) = f(z1, ... 7x”)+zhi8_£-+Q
i=1 v
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roe Q € Z[x1,... ,Tp,h1,... ,hy], 1 KaXKOBIT MOHOM B KAHOHUYECKOM IIPEICTABIIE-
HUU TTOJIUHOMA () MMeeT IO MepeMeHHBIM hq, ... , h, cTemens He Mmenee 2. [losTomy
upu |[(hi,...,hy)|p, = p~°%, rme s > 1, nas Bcex 3HAYEHUN Z1,... ,T, MBI IMEEM
Q =0 (mod p?*). Beuny (1) aTo nokasLIBaeT yTBepKIeHue. [

B caygae m = n chopMynmpoBaHHBIE BBHIIIE TOCTATOYHBIE YCJIOBUS PABHOBEPO-
SITHOCTU SBJISIOTCS X HEOOXOMUMBIMU.

3.9 Teopema. Pasnomeprno dupdepenyupyemad no modyso p dywkyug F =
(f1,--- ,fm):Zén) — ZI(,n), UMENWAT YEAOZHAUHYIO NPOU3BOOHYIO NO MOOYA0 P,
ACUMNMOMUUECKU COTPAHIEM MEPY MOo20a U MOAbKO Mo2da, K020a 0Ha OueKmus-
na no modyao pN )y grkobuan no modyawo p Gywkyuu F ne obpawaemc 6 0 nu
6 00noti mouxe ua (Z/p™NF))(™) (3x6usasenmmo, mozda u moavko mozda, Kozda
ona Guexmuena no modymo pNrEITLY,

Tokazameavcmeso. Eciu F 6uekrusna mo momyimo p’V () u ee sxobuan mo momytio
p Hurne He obpartaetcs B 0, To BBumy 3.7 dyHKIusa F' acHMOTOTHYECKU pABHOBE-
POSTHA, U TIOCKOIBKY M = N, TO F' aCUMITOTUYIECKU COXPAHIET Mepy.

O6patHo, mycTh F' aCUMITOTUYECKHN COXPAHSIET Mepy, T.e. MycTh F' GuekTuBHA
o Momymio p¥ mis Bcex k > N, rme N — HEKOTOPOE TIOJIOKUTETHHOE PAIIMOHATIHLHOE
nenoe. Ilycts k > max{N, N;(F)}, Torma us onpenenenuns pasHOMepHOU nudde-
PEHIIUPYEMOCTH IO MOMYJIO P CJIEMYeT, ITO

F(u+p*a) = F(u) +p*aFi(u) (mod p**') (1)
s Bcex u,a € Zp. 3pecy F|(u) — maTpuia pasmepa n X n Ham moieMm Z/p.

Ecnu det F{(u) = 0 (mod p) mist HEKOTOPOTO U € Zz(,n) (nnu, SKBUBAJIEHTHO, LS
nekoroporo u € {0,1,..., pN 1(F) 1}(”) BBUOY MEPUONUIHOCTU UACTHBIX IIPOU3-
BOMHBIX TI0 MOLYIO p), TO cymectsyeT a € {0,1,...,p — 1} o # (0,...,0)
(mod p), Takoe, uto aFj(u) = (0,...,0) (mod p). Ho B sToM cayuae u3 (1) cie-
nyet, uro F(u + p*a) = F(u) (mod pF*1). Dro mpoTmeopeunT GuekTmBHOCTH
dyrkmun F o momymo pPtt mockomexy mus u € {0,1,... ,pNt ) — 13 pyveenm
u,u+pFa e {0,1,...,pF — 1} uu + pFa # u.

Tenepsb mokaxkem KPUTEPURl B SKBUBAJICHTHON (hopmyiuposBke. [lycts F — Guek-
TUBHAS TI0 MOLYIIO P’V 1(F) dyukuusa. Torma, momaras k = Nip(F') B npoBemeHHOM
BbIllIe paccyxaeHunu, noimydaeM, aro det Fi(u) # 0 (mod p) mus Bcex u € Z]E)").
Cormacuo 3.7, OTCIOA BLITEKAET, 9YTO F aCUMIITOTUYECKH COXPAHSIET MEpY.

Homyctum, uto F' aCUMITOTUYECKA COXPAHSIET Mepy, HO He SBIIIeTCsS OHeKTUB-
ot 10 Momymio p* ma mexoroporo k > Ni(F). Ilokaxkem, 9To B 3ToM ciydae F He
Gymet GuexTuBHA 110 Momyo pFtl. Beibepem u,v € {0,1,... ,p* —1} Tak, arobwr
u#vu F(u) = F(v) (mod p*). Torna mi6o F(u) = F(v) (mod p**1!) (T.e. F ne
6uexkTuBHA 110 Momytio pF 1), mubo F(u) # F(v) (mod p**1). Ommaxo B mocremmem
cryaae F(u) = F(v) 4+ p*Pa (mod pF*1) mas mexoroporo a € {0,1,... ,p — 1},
a # (0,...,0) (mod p). Paccmorpum uy = u + pB3, rme g € {0,1,...,p — 1},
npudem 3 Z (0,...,0) (mod p) u BF](u)+a = (0,...,0) (mod p). Takoii s;emenT
B cyIecTByeT, MOCKOIbKY F' aCUMITOTHYECKN COXPAHSIET MEepPY U, CIEHOBATEIILHO,
det F{(u) # 0 (mod p), kax Tonbko 4TO ObLIO mOKa3aHo. W3 ompenereHus paBHO-
MepHON nuddepeHnnpyeMOCT 0 MOIYJIIIO P CienyeT Torna, ITo

F(u+p*B) = F(u)+p"BF{(u) = F(v)+p a+p*fF(u) = F(v) (mod p**), (2)
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roe u + pFB € {0,1,...,pFt — 13 u u + pFa # v (Tax kax u # v). IosTomy
u3 (2) COBMECTHO C HAIIUM IIPEIIIOJIOKEHNEM BBITeKaeT, TO F' He GuekTuBHA 1O
momymio pFtl. TloBTopss »TO paccy:kIeHHe HEOOXOMMMOE HHCIO Pa3, 3aKII0UAEM,
yro F' He GMeKTUBHA IO MOmyio p° mid Becex s > k. Ommako B TO ke Bpemsa F
ACUMIITOTUYECKH COXpaHseT Mepy. Ilporusopeune. [

3.10 CnenctBusa. 1° Ecaun =1 6 ycaosugx meopemvr 3.9, mo F acumnmomu-
YECKU COTPAMIENM MEPY 6 MOM U MOALKO 8 MOM CAYUae, Ko2da OHa OUEKMUBHA NO
modyaio pNr(F) y ee npoussodnag no modyao p we obpawaemes 6 0 Ha MHOHCECTNEE
{0,1,...,pM() — 11,

2° (em. [8] , rm. 4, pasmener 4 u 5) Iyemv F = (f1,... ,fm):Z]E,n) — Zl()n),
ede fi(x1,...,2n) € Lplz1,... 24, 1 = 1,2,... ,n. Toeda F corpangem mepy 6
mom u Mmoabko 8 mom cayuae, ko2da F 6uexmuena no modyao p u det F'(u) £ 0
(mod p) dag ecezu € {0,1,... ,p—1}") (sx6usasenmuo, mozda u moavko moada,
xoeda F 6uexmuena no modyao p?).

3° Ecau A = (Zp; Q) — ynusepcasvbrad aszebpa ¢ xoneunotd cuenamypot Q, u
ecau 6ce onepayuy u3 ) A8AT0MCA pasHoMmepHo Juddeperyupyembimu no Mmooy
D PYHKYUAMYU C YeAOZHAUHDIMYU NPOUZEOIHBIMU NO MOJYAI0 P, MO NOAUHOM HaD A

3a0a€m ACUMNIMOMUYECKY COTPARTIOWYIO MEPY PYHKYwIo on bueKmueen no mooy-
a0 pFA) | 20e k(A) = max{N;(w) : w € Q} + 1.

lloxazameasbcmeo. Y TBepxkneHre 1° TpuBHAIBLHO cienmyeT u3 3.9. Y TBepxneHue
2° copasemyuso BBuny 3.9, mockonbky Ni(F) < 1 (cM. moKas3aTeabCTBO CIIENCTBUSL
3.8). Kommnosurus F' o G dyukuuit F' u G, koTopsie ob6e paBHOMepHO nuddepen-
UIPYEMBI II0 MOIYJIIO P U MMEIOT IeJ03HAYHBbIE IIPOU3BOMHBLIE IO MOIYIIIO P, CaMa
paBHOMepHO nuddepeHupyeMa 10 MOLYIK P, UMeeT LeJIO3HAUHYIO IIPOM3BOIHYIO
no momyio p u Ni(F o G) < max{N;(F), N1(G)}. Ilocnennee nokaswiBaer yTBEp-
x)nenne 3°. [

[Ipu cpaBuenun yrBepx)neHuii 3.7 u 3.9 BO3HUKaeT €CTECTBEHHBI BOIIPOC, HE
SIBJISIFOTCSI JTM [IOCTATOYHBbIE yCaoBus u3 3.7 Takxke um HeoOxomuMbiMu. OTBeT Ha
HErO0 OTPUIATESIEH: COOTBETCTBYIOIINN KOHTPIPUMED MOXKET OBITh ITOCTPOEH HA
OCHOBe pe3yabTaToB u3 [9)].

Paccvorpum byskmmio f(z,y) = 2z +y3 #a Zy. Tak kax f — mommHOM Ham Z, TO
OH sIBJIsieTCSI paBHOMeEPHO nuddepeHnupyemMon QyHKINEN ¢ [eJI03HaAYHON TPOU3BOO-
noit, u df = 2dz + 3y*dy. Taxum obpaszom, df = 0 (mod 2), ecim y = 0 (mod 2).
Tem He MeHee, f UHAYIUPYeT paBHOBeposATHYIO dymkumo (Z/2")2) — Z/2" mpn
kaxnooMm n = 1,2,.... Ilokaxem 5TO.

IIpu n = 1 umeem, uro f(x,y) = y (mod 2) paBuoBepositaa Ha Z/2. Ilycts
n > 1. Ilokaxem, uTo mus kaxmoro z € Z/2™ cyuecTByeT B TOUuHOCTH 2" map
(z,y) Takux, uro f(z,y) = z (mod 2") u (z,y) € {0,1,...,2" — 1}2,

B camowm mene, ecnu z = 1427 s mexkoroporo r € {0,1,.. ., 2n—1_ 1}, To Torma
y = 142k nna mexoroporo k € {0,1,...,2" 1 —1}. Takum o6pazoM, U3 cpaBHEHUS
22+ (1+2k)3 = 1+2r (mod 2") cienyet, ato x + 3k + 6k? +4k3 = r (mod 277 1).
JleBasi 4acTh TOCIEOHETO CPaBHEHUs eCTh MONMHOMUANbHas GyHkums ¢(x,k) or
mepeMeHHBIX T, k. Ona paBHOBeposiTHa BBUAY 3.8, 2°, mockombKy dp = dx + dk
(mod 2) (m, cimemoBaTenbHO, 5TOT nubdepernnan Hurge He obparmaercs B 0 mo
Momyitio 2) u ¢ = x + k (mod 2), T.e., OueBUAHO, PABHOBEPOSTHA TIO MOMYIIIO 2.
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Orcroma crenyet, uto cpasaenme o(x,k) = r (mod 2" 1) ¢ memssecTHBLIMT T, k
mmeeT B TousocTn 2" perrenmii B {0,1,...,2" "1 — 1}(2),

Ecmu z = 2r ms mexotoporo r € {0,1,...,2" 1 — 1}, To torma y = 2k mna
nomxomsrero k € {0,1,...,2"1 — 1} u, cnenosaTensuo, us cpasuenus f(z,y) = 2
(mod 2™) BerTexkaeT cpasaenue T +4k3 = r (mod 2"71). U onats dynknus ¢ (z, k)
B JIEBOUI YACTU TIOCJIETHETO CPABHEHUs PABHOBEPOSTHA BBUAY 3.8, 2°, MOCKOIIBKY
dip = dz (mod 2) me obpamraercs B 0 mo momymio 2 murme Ha (Z/2)?) u ) =
(mod 2) pasHOBeposiTHa 1o Momyito 2. Orcioma crienyet, uto cpaBHenue f(z,y) =
2r (mod 2") ¢ HeW3BeCTHBIMU X,y uMeeT B TouHocTH 2™ perenuit B {0, 1,... ,2" —
1}®). Oxomuarensro 3akmodaem, 9T0 f PABHOBEPOSITHA.

Mepl HAUMHAEM U3y9aTh ACUMITOTHYECKN 3PrOOUYecKre (QYHKIUN B KIIACCEe BCEX
paBHOMEpPHO HU(G(HEPEHINPYEMBIX TI0 MOMLYIII0 P QYHKINN, NMEIOIINX HeJ03HATHbIE
IPOM3BOMHBIE TI0 MOMyJTi0 p. OKaswbiBaeTcs, Takue GYHKIUN CYIIIECTBYIOT TOJIBKO B
pa3zmeprocTu 1. Tounee, cipaBenIMBO CIIemyrOIIas

3.11 Teopema. IIycmv F = (f1,... ,fn):Z;(,n) — Z}(,n) — pasnomepro Jufde-
PERYUPYEMAT NO MOOYAIO P U ACUMNMOMUBECKY IP200UUECKAT PYHKUUL, UMENUOT
YEAOZHAUHYIO NPOUZB0INYI0 1o Modyat p. Tozda n = 1.

ﬂonas’amenbcmeo. Hawm HOH&IIO6$ITC$I IBeE JICMMBI.

3.12 Jlemma. Fcau f: Zgn) — Ly, — pasnomepro uddepenyupyemas no mo0y.ai0
D PYNKYUL, UMENWAT UYEAOZHAUHYIO NPOUBBOIHYIO NO MOOYAI0 P U 00PAWAIOULAICT

dasg nexomopozo k > Ny (f) 6 0 no modyao p* 60 ecex mouwar us Zén), mo KaxHcdas

yacmuad npou3eodnad no modyao p gywkyuy f obpawaemed 6 0 no modyaw p 60
6Cexr MOUKAT U3 Zg,n).

lloxazameavbcmeo aemmvr 3.12. Ilpu Tpom3BOIBHBIX (DUKCUPOBAHHBIX 3HAUCHUSX
IIEPEMEHHBIX L0, L1, ... , Li—1, Ti+1s- .. » Lnp QYHKIUI

gi(zoy 21, yTpn) =z +xof(T1,. .. ,Tp)

OMEeKTUBHA IO MOIYJITIO p* kax byukuus nepemennon x;, (i = 1,2,... ,n). Iockomns-
Ky k > N1(g;) = N1(f), To, cormacuo 3.9, GyHKIUI g; ACUMOTOTUIECKU COXPAHIET
Mepy, a 3HAQUUT, ee IPOU3BONHAA IO MOAYIIO p He obpamaercd B 0 Hurme Ha Zi,.
Bonee Toro, cnpaBennmBo ciemytorree:

2

o1x;

gi(ug, ... yun) =14 1ug- flug,... yup) #0 (mod p) (1)

O1x;
IJIS BCEX UQ, - - . , Up, € Zyp. Ecam 661

2

5oy [ u) =d 20 (mod p)

IUISE HEKOTOPBIX Ui,...,U, € Zp, TOTOA, BHIOpAB g TakuM, ITOOBl upd = —1
(mod p), Mer mosyuwau 661 nporusopeune ¢ (1). Oro mokasbiBaeT memmy. [




3.13 Jlemma. Ilycmy H: Z;n) — Zz(,n) — pasnomepro JudPeperyupyemas no mo-
Y10 p PYNKUYUL, UMEOWAT YEAOSHAUHYIO NPOU3E0OHYI0 N0 MOy p. Fcau H o6u-
exkmuena no modyao pt u undyyupyem moxcdecmeennyro nodcmanoery na Z/pF=1
dag nexomopoeo k > Ni(H) + 1, mo H undyyupyem na (Z/p*)™ au6o mpusu-
aavbnyro (m.e. moscdecmsennyo) nodcmanosxky, Aubo nodcmanosKy nopaoka p.

Jloxazameavcmeo aemmvl 3.13. Ilycts G — mpousBosibHas GYHKIINAS, Y IOBIETBOPSI-
fo1ast yesoBusM sieMMbl, u wycTb N1(G) = Ni(H). Ilpencrasum H u G B cienyio-
II1eM BUJIE:

H(z1,...,2p) = (z1,...,2) + U(x1,... ,2p);
G(x1,... @) = (X1,... ,xpn) + V(21,... ,2y).

Torma U u V — paBaoMepHO auddepeHIupyeMble 0 MOLYIIIO P GOYHKIUN, IMEOIITe
1esI03HavHbIe Ipou3sBonHsle o Monyio p u N1 (U) = N1(V) = N1(H). Bosnee Toro,

U u V pasusl 0 mo momysio p*~! Bciony Ha Zl(,n) nuk—1> Ny(H). Torga u3z memMbr
—k+1

3.12 crienyer, uro U] = V{ = 0 Bo Bcex Toukax u3 Zz(,n). IMockonsky ||Ull, < p

u |[|[V], < p~**! Bcroomy ma ZI()n), TOrZIa U3 OIpeIeseHns paBHOMEPHON muddepeH-
[UPYEMOCTH 110 MOAYJIIO P MOJIydaeM, 4TO Ul BCeX Ny, ... , Ay € Z, BBIIOIHAIOTCS
CIICMYIOIINE CPABHCHUS:

H(G(h1,... ,hyn)) = H((h1,... ,hn) + V(h1,... ,hy))
H(hy,... b))+ V(hay .o h)H (B, .. B
= H(hy,... ,hy) + V(h1,... ,hy) + V(h1,... ,hp)Ui(h1,... , hy)
= (h1,-- s hn) +U(h1y ... hy) +V(h,... , hy) (mod pF).

B wactHOCTH, OTCIONA clemyeT, 4TO il Beex § € N BBINOTHIETCSI CpaBHEHUE

H(h1,... hn) = H(...H(hy,... ,hp)...)

s pa3
= (h1,... ,hp) +sU(h1,... ,hy) (mod p*).

Tak xax ¢yukmms U ToxmecTBenHo pasHa 0 mo momymio pF~ ! To m3 mocmen-

Hero cpapHenms cremyet, ato HP(hy,... , hy) = (hi,...,hy,) (mod p*) mmsa Beex
hi,... ,hy € Zp, 9TO U NOKA3BIBAET JIeMMy. [

st nokasarenbcrBa Teopemsr 3.11 Beibepem k > Ny (F') + 1 rak, 9yrobbl F' Gbl-
Jla TPAH3UTUBHOU MO MOmyito p" mis Bcex n > k — 1. dyukuwus F manynupyet
noncranoBky Ha (Z/pF)(™, xoTopyio Mbr 0603HaunM Kak o) (F). PaccmoTpum mon-
cTaHoBKy 0 = o) (F )p(kil)n. IMockonbky F TpaH3uTUBHA 10 MOAyio p*, TO OPSIIOK
NOICTAHOBKU 0 paBeH p" (U CIIeNOBATENBLHO, 0 — HETPUBUAJIbHAS TIOICTAHOBKA).

C mpyro#t CTOpOHBI, 0 = ak(FP<k71)n). Ho F*" " 6uexrusma mo Momymio pF
U MHIYIUPYeT TOXKIECTBEHHYIO NONCTAHOBKY Ha Z/pF~1 (mocmemmee BeITekaeT m3
TpamsuTuBHOCTH F 10 Momymo p¥~1). IlockombKy o — HeTpUBHMAIBHAS MOICTAHOB-
Ka, TO BBuOY 3.13 MOPSOOK MONCTAHOBKU O HOJIXKEH ObITh paBeH p. OmHako, co-
IJIACHO TIPENBIAYIIEMY PaCCyXKIEHUIO, MOPSIIOK IOACTAHOBKU 0 PaBeH P, IOITOMY

HeobxomuMo n = 1. [




[TomyunTh ommcanme acCUMITOTUYECKN SPrONMYECKNX (DYHKINWI B Kjlacce BCEX
paBHOMEDPHO NuddepPEHINPYEMBIX IO MOAYIIIO P QYHKIINN, UMEIONINX I1eJI03HaYHbIE
NIPOM3BOOHEBIC II0 MOMYJIIO p, IIOKa HE yIOaJIOCh, OOHAKO Ipu 0Oojlee CUJIBHOM IIpem-
MIOJIOXKEHUN, COCTOSIIEM B TOM, UTO (PYHKIUS pPaBHOMEPHO nuddepeHIupyeMa IO
MOZYTIO P2, Takoe ommcaHue morydeHo. MeTon IoKa3aTeabCTBa, Cemylomeil Teope-
MBI, IO CyTH OeJjia, IpelcTaBiaseT coboil 0000IIIeHre HA CIIydall p-aamdecKnX GyHK-
I TOTO METOMa, KOTOPBIN mepBoHauaiibHO npuMenusa M.B.Jlapur npu onucanun
TPaH3UTUBHBIX 110 MOIYJIIO N MOMuHOMOB Hax Z (cm. [15]).

3.14 Teopema. Ilycmy f:Z, — Z, — pasnomepro dupdepernyupyemad no m00y.i0
p? PyYnKYUL, UMEWAT YEAOIHAURYIO NPOU3E0OHY0 1o Mmodywo p>. Toeda f acum-
NMOMUYUECKU IP200UUHA 8 TNOM U TMOALKO 8 TOM CAYUAE, K02DA OHA MPAHIUMUCHA
no modyao pN2H+1ecau p — neuwemmoe npocmoe wucao, uau, coomeemcmeento,
no modyao 2N2(N+2 ecau p = 2.

lloxazameavcmeo. Ham moHamobuTcs ciemyroras

3.15 Jlemma. Ilycmw f:7, — Z, — pasnomepro duddepenyupyemad no mo0yiio
D PYNKUYUL, UMENULAT YEAOZHAUHYIO NPOUZBOIHYI0 Mo Modyato p. Ecau f mpanszu-
muena no modymo pt das newomopozo k > Ni(f), mo f umdyyupyem wa Z/p*+*
nodcmanoexry, Komopad ecmb Aubo yura daumnvt pHl, aubo npoussedenue p neza-
BUCUMBLE YUKA06 Oaumnbl PF Kascovi.

Hoxazameavemeo aemmvr 3.15. Hna i = 0,1,2,... oboznauum uepes x; = 0;(x) €
{0,1,... ,p — 1} 3HaueHue i-ro paspsamga B KAHOHUIECKOM MPEICTABICHUN [EJIOr0 -
aIIIecKoro yucia * € Zy,. Torma us ompeneneHus paBHOMepHOH nuddepeHupye-
MOCTH 10 MOLYJIIO P BBITEKAET, ITO Ik BCeX T € Zy u s = Ni(f) = N cupasensiuso
cpaBrenue f(zg+z1p+ -+ xs_1p* L+ xep®) = fwo + TP+ -+ Tso1ptH) +
zsp*fl(wo + 1+ -+ + 25 1p°" 1) (mod p*T1), orkyma crnemyer, uTo

ds(f(z)) = ®s(zo, ... ,xs-1) + s f1(z) (mod p), (1)

— s—1
roe ®,(zo,... ,25-1) = 6s(f(zo +21p+ - + 251" 1)),
Tax kKak JacTHas TPOM3BOMHAS f] () TI0 MOLYITIO P TIEPUOMWIHA C TTepromoM p |
TO OHA 3aBUCUT TOJIBKO OT I, ... ,TN_1, 09TOMY (1) MOXHO mepenucars B BUIE

0s(f(2)) = Ps(x0,... ,x5-1) + s¥(20,... ,xNn_1) (mod p), (2)

roe ¥(xo,...,en—1) = fi(z). IIpumenss ynomsHyTOe B Hawasle JAHHOTO pa3esa
«IIpaBUiIo AuddEePeHITPOBAHIS 10 MOIYIIIO p¥ KoMIO3umuy (QyHKIIS, 3aKTI0YaeM,
qTO IJIsd Beex r = 1,2,... mMeeT MecTO CpaBHEHUE

(@Y = [[ AP @) (mod p), 3)
j=0

rne, anomunaeM, f7(z) = f(... f(z)...), f%(z) = z. lockonbky f acuMmTOTHUYe-

r pa3s
CKI COBMECTHMA, TO U3 TPAH3UTUBHOCTH [ 1O Momymio p* mis mexoToporo k > N
clenyeT TPAH3UTUBHOCTHL [ TO MOmysio p™ miis BceX M Takux, 9to k > n > N
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(cm. [11], Teopemsr 2.10 u 1.4). Tax kak f{ 3aBUCHT TOJIBKO OT Zg,... ,TN_1, & f
TpaH3UTHUBHA 10 Momyio p, To m3 (3) cremyeT, aTo

p—1

(fP" (x)); = H (mod p). (4)

UQ - ,”U/N,]_:O

O603HauMM TIPOU3BENEHNE, CTOSIIee B CKOOKAX B IIPABOIl YacTu cpaBHeHus (4), de-
pe3 II. Torma, mockonbky fP (x) paBHOMepHO muddepernupyeMa Mo MOLYII0 P U
UMeeT IEJI03HAYHYIO IIPOU3BOMHYIO 10 MOAYJIO p, BBUAY (2) u (4) MBI 3aKIIIOUaEM,
qTO

(5n(fpn(x)) = on(T0oy -+ yTpn_1) + manan (mod p), (5)

rie (T, ... ,Tp_1) = 5n(fpn(x0 +xip+FTpo1p" ).

Tax kak f TpansuTuBHA 10 Momyio p" ! mpu k > n > N, To dyukuns fP | c
OITHOWM CTOPOHBI, MHAYIIUPYET TOXKIECTBEHHYIO MOICTAHOBKY II0 MOIYJIIO p'*, & ¢ Opy-
ToOff CTOPOHBI, 3aaeT Ha KayKIOM CMexHOM Kmacce a + p™(Z/p™+!) xompma Z/p™+t
IIOACTAHOBKY, ABJIAIOIIYIOCA IMUKJIOM OJIAHBL D. CKaBaHHOG O3Ha4YaeT, B 9aCTHOCTHU,
9TO (YHKIUS, CTOSIAs] B IPABOil YacTu cpaBHeHus (5), Kak GYHKINS TepeMEHHO
X, momxkHa 6eITh monctanoskoi Ha {0, 1,...p — 1}, u 6osee TOro — MUKIIOM [IJIAHBL
p. XOpOIIIO U3BECTHO, OMHAKO, UTO TOJIUHOM ¢+ dy € Z[y| TpaH3UTUBEH IO MOIYIIIO
p TOrAa 1 ToILKO Torna, kornad = 1 (mod p) uc # 0 (mod p) (cm., Hampumep, [2],
I'n. 3, Teopema A). Ho Torma meob6xonumo, 9To0bI =1 (mod p), a 3mauwT,
qro6bl II = 1 (mod p). OxoHUATENBHO OTyYaeM, ITO

k k
fP(z)=f? ($0+$1p+"'+=’17kpk)
=xo+oip+-+xp1p" + pF(er(zo, ..., Tp_1) + k) (mod pFT).  (6)

W3 nocneaero cpaBHEHNS BBITEKAET, UTO f UHIYIHUPYET MOACTAHOBKY 0 Ha KOJIb-
ne BeraeToB Z/pfTl. Bomee Toro, okaseBaeTcs, uro ecmu ok (Tg,... ,Tp_1) Z 0
(mod p) mpm KaKmx-TO KOHKPETHBIX (9KBUBAJIEHTHO, [P BCEX) 3HAUCHUSX I€Pe-
MEHHBIX T, ... ,Tk—1 Ha MHOXecTBe {0,1,... ,p— 1}, To f TpansuTuBHA IO MOMY-
mo pFtl; B mHOM ciydae ¢ ecTh IPOU3BENEHNE P HE3ABUCUMBIX IUKJIOB IIHHBI PP
Ka K IbII.

s moKa3aTenbCTBA DTOTO YTBEPKIAECHUS 3apUKCUPyeM Kakue-Hubynb 3HAUEHU s
ug, ... ,ug w3 {0,1,... ,p — 1} u obosmaunm uepe3 C' TOT UK MONCTAHOBKU O,
KOTOPBIN COMEPXKUT dIEMEHT Uy + uip + -+ + uk_lpk_l + ukpk S Z/pk‘H. Tak kax
f TpamsuTtmeHA mo Momymo p*, To BBEmy (6) mmmmHa |C| mukna C momxHA GLITH
kpartHa pF. Ecmm ¢ (uo, ... ,ur_1) Z 0 (mod p), To u3 (6) cremyeT, uTo

k
P (uo +wip+--- + up_1p" "+ Ukpk)
Zug+uwp+---+ ukqpkf1 + Ukpk (mod pk+1), (7)

T.e., aro |C| > p*. C npyroit cToponsr, m3 (6) cremyer, uro |C| memmt p*+i.

OKOHYATEILHO MBI 3aK/IIOYaEM, 4TO B paccMaTpuBaeMoM ciydae |C] = pFT1) T.e.

4TO f TpaH3UTHBHA 1O Momymo pFtl,




Ecmu xe cpasrenue g (ug, ... ,ux—1) =0 (mod p) BEIMOMHSIETCS HA HEKOTOPOM
Habope ug,...,ux—1 € {0,1,...,p — 1}, TOo OHO BBINOIHsIETCS Ha JIO60M Habope
ug,y ... yug—1 € {0,1,... ,p—1} (B IpOTUBHOM CiIyuae U3 HOKA3AHHOTO BBIIIE BHITE-
KaJTa 6bI TPAH3UTUBHOCTE f 10 Momymio p* 11, uTo o3mavaso 661 crpasemuBOCTS (7)
I BCEX U, ... ,ug € {0,1,... ,p— 1}, T.e., B cuny (6), aTo v (ug,... ,up—1) Z0
(mod p) mpm BCEX U, - - , Up—1 € {0,1,...,p — 1}; nporusopeune). Ho Torma (6)
03HaqaeT qT0 0P — TOKIECTBEHHAS TIONCTAHOBKA, T.e. TTO |C| = p*, mockonbky
p* nemat |C|. Jlemma nokazama. [

Temeps MBI IpUCTyIIaeM K OOKA3aTeIbCTBY TeopeMbl 3.14. B xome mokazaresb-
CTBa MPENIIECTBYONIEH JIEMMbl Mbl YCTAHOBUJIM, UYTO €C/i f TPAH3UTHUBHA IO MO-
nymo p* s mexoroporo k > Ni(f), To f TpaH3UTHUBHA MO MOMYIIO p" IS BCEX
kE > n > Ni(f). Hockombky Na(f) +1 > Ni(f), T0o HEOGXOOUMOCTD yCIOBUIL
TeOpEeMBI JOKA3aHA.

Ocrasnocs mokazaTsb, uro eciu n > No(f) + 1 (coors., ecu n > No(f) + 2 npu
p = 2), u ecau f TPaH3UTUBHA [0 MOAYJO pP™, TO OHA TPAH3UTHUBHA IIO0 MOIYJIIO
p" 1. Ilna sroro BBUMY fMemmbl 3.15 MOCTATOYHO TOKA3aTh, YTO MPH HEKOTOPOM
& € Z, BBINOJHAETCS CIIELYIOIIEe YCIIOBHE:

P (z) £z (mod p™). (1)

HOCKOJ’IBKy TPAH3UTUBHOCTDL IO MOOYJIIO pn BJIcYET TPAH3UTUBHOCTDL IIO MOIYJIIO

p"~ !, To BBUIY MeMMBI 3.15 UMeeT MeCTO PaBEHCTBO

7 (@) = o 4 " e (), (2)

roe §: 72y — Zp u &(x) #0 (mod p) mis Bcex x € Z, (B mpoTuBHOM ciIydae u3 3.15
crtenoBasio Obl, YTO f He TPAH3UTUBHA MO MOLYIIIO P, BOIPEKU MPEIIOIOKEHMIIO).
Hamee, mockonbKy pyHKImsS f paBHOMEPHO muddepeHImpyeMa mo MOIYITIO p? u
IMeeT HEeIO3HAYHYIO IIPOM3BONHYIO IO MOMYIIIO P2, TO Id Beex r = 1,2,... KOM-
no3urus f” paBHOMepHO AuddepeHIIpyeMa, I0 MOLY/II0 P> U IMeeT IeI03HAUHYIO

IPOM3BOMHYIO 1O MOmysio p2, mpudeMm (f7(x))5 = le:) f3(f3(x)) (mod p?) (em. (3)

u3 3.15). Tenepsn, Tak kak n — 1 > Na(f), TO, mpuMeHsis 5T COOOPaKEHUs U OUe-
BrHOe (BEITeKatomee u3 (2)) paserctso f  (z) = fE~DP" (x4 pn—1£(z)), roe
s=1,2,..., MBI TIOCJIEOOBATEILHO BBLIULCIISIEM

(p—1)p"~'-1

@) +p" @) ] A @)

=0
(p—2)p™ '-1 (p—1)p" ' -1

(z) +p" '€ (x) II #AFEe+ I K@)

j=0 7=0

n—1

fp”( ) = f(p p

n—1

— f(p 2)p

p—1 (p—i)p" -1

=4 p" N (x) 1+Z H £ (@) | (mod p™th). (3)




Onmaxo f} ecTh mepuonmyeckas GyHKIMS ¢ epuonoM pl; 2(f), a f rpamsuTHBHA 10

MOMIYJTIO " 15 TI05TOMY MBI 32aKITIOUAECM, UTO IIS JTIOOBIX i, j € N BHINOIHACTCS CpaB-
. .o m—1

merme fo(f7(x)) = f4(f7TP" " (z)) (mod p?). Beumy TpamsuTuBHOCTH GyHKINH f

(p—i)p 1 ,
o Momymio p" ! m3 moCTemHero CpaBHEHUS CIemyeT, ITO 11 f5(f7(x)) =
j=0

n—1_

p"71—1

a(z)P~t (mod p?), rme a(z) = (£ (x)). B cumy (3) MBI Temeps 3akiTioua-
=0
€M, 94TO ’

1" (@) =2+ e ) (1 + Zaw) (mod p*). (@

Ianee, u3 Toro, uro (GyHKIUs fi MO MOLyTO p? mepmommuna ¢ mepmomom pv2(f ),
a GyHKIA f TPaHSUTHUBHA MO Momymio p” ' mpm n — 1 > No(f), BEITekaeT, aTO
sHavenwe o) MO MOy p? He 3aBUCHT OT ¥. Boslee TOro, MbI yTBEPKIAeM, UTO
a(z) =1 (mod p).

[elicTBUTENBHO, B XOO€ MOKA3aTEIbCTBA JIEMMBL 3.15 MBI yiKe yCTAHOBUJIA, UTO
ecmu k > Ni(f), a f — paBHOMepHO muddepeHIIpyeMas o MOmyio p* dyHKmms,
MeIOITasl MeJI03HAYHYIO IIPON3BOAHYIO 110 MOMIYJIIIO P, TO

pN1(H) 1

H A(f(x)) =1 (mod p) (5)

st Bcex ¥ € Zy, (cM. mokasaTenscTBo cpaBHeHus (6) u3 3.15). U3 ompenenenus
TIPOM3BOMHOM TI0 MOMyTIo p? citenmyeT, uto fy(z) = fi(x) (mod p); smauurT,

a(r) =1+pB (mod p?) (6)

st nonxonsiero 3 € No. Beuny (5) u (6) u3 (4) Teneps ciemyer, 9T0

p—1
(@) =z +p () (p +pBY Z) (mod p™*1);
=1

MO9TOMY TP P 7 2 3aKIII0YAEM, ITO

fP (@) = x+p"E(z)  (mod p"*t).
IMocnenuee B cuty 3.15 mokaseiBaeT TeopeMy mpu p # 2, mockonbky &(z) #Z 0

(mod p) (cM. TekcT, cremyommit 38 paBeHCTBOM (2)).
Ecnu e p = 2, To u3 cpaBHenust (7) BBITEKAET, ITO

@) =2 +2"(1+6) (mod 2", (8)

I 0OJId 3aBEPILICHUA OOKA3aTEe/IbCTBa TEOPEMBI JOCTATOYHO TEIIEPH IIOKAa3aThb, 9YTO ﬂ
YEeTHO.




Eciu n > No(f)+2, To u3 TpansuTuBHOCTI QYyHKIMK f IO MOMYITIO 2" BHITEKAET
€e TPAH3UTUBHOCTH 110 MOIYJIIO N2 (f)+2 , IOTOMY U3 OIIpeNesieHns ITPOU3BOIHON IO
MOYJTIO p? TIOTydaeM, ITo

2N 1

(@) +2V¢ [] (7 (@) (mod 2V+2), (9)

J=0

2N 2N

(z+2Y¢) = f

f

rne N = No(f), € € Zy. Tax xax f TpamsurumsHa 1o momymo 22 To ma
npoussonsroro x € {0,1,...,2N — 1} oroGpaxenne @u: & — Sn(f2 (x4 2VE)) +
25N+1(f2N(x +2N¢)), tme € € {0,1,2,3}, ects ks mmEL 4 Ha Z/4. V3 (6)
2N 1 )
crenyer, uro [[ fi(f7(x)) =1+ 28 (mod 4), a Torna u3 (9) BbITEKAET, YTO
j=0

pa(§) = c(z) +£(14+26) (mod 4), (10)

roe c(z) = 5N(f2N (x)) + 25N+1(f2N (x)). Ho orobpaxkenue @, TPAH3UTUBHO TIO
Momyitio 4 mpu kaxzaoMm x, a torna u3 (10) cpasy caemyer, uro =0 (mod 2) (cm.
TakXe yIOMSHYTBII KPUTEPUil TPAH3UTUBHOCTU HOJIMHOMOB crenenu 1 B [2] , T

3, Teopema A). [

3amevanue. Amanor teopembr 3.14 mus GyHKIUI, paBHOMepHO muddepeHImpye-
MBIX IO MOMYJIIO p, B o0IeM ciydae HeBepeH. Mmenno, s mo6oro n € N Mox-
HO YKa3aTh TAaKyk PaBHOMEPHO MUMDPEPEHIUPYEMYIO MO MOMYII0 2 COBMECTUMYIO
dyukuuio f:Zo — Zo, y xotopon f; = 1 scrony Ha Zo, Ni(f) = 1, koTopas Tpan-
suTuBHA mo Momymio 2F mpm k = 1,2,...,n, HO He TPAH3UTHUBHA [0 MOmymIo 2F
npu Beex k > n. (CnocoboM, MOXOXKMM HA ONUCAHHBIN HIXKE, MOXKHO HOCTPOUTH
AHAJIOTUYIHBIN IPUMED U IpU P 7# 2.)

IIpencraBuM = € Zo B KAHOHWYECKOM BUIE T = T + X1 -2 4+ o - 22 + ...,
roe xo, 1, %2 ... € {0,1}. Pacemorpnm dyrkumio f(z) = > oo @i(Zo, ... ,25) - 27,
rae Kaxmeiil ¢;(xg,... ,%;) — JUHEHHBI MO TEPEMEHHOMY x; OyJIeB MHOTOUIIEH.
Hpyrumu cioBamu, B daxTop-Komble Z/2[xg, . . . ,xz]/(azg — X0,... ,T? — ;) KOJb-
Il MHOTOWIEHOB Z/2[xg,... ,T;] OT IEepPEMEeHHBIX Zg,...,T; Han Z/2 mo umeaiy,
MOPOXIEHHOMY T3 — Tg,...,T? — T;, BLIIOTHAETCS PABEHCTBO ;(To, ... ,T;) =
Yi(xo,... ,xi—1) + x;, mpuueMm Py = 1. Hecioxkuo yBuners, uro Takas GyHKIus f
coBmectuMa (cM. 3.9 u3 [11]). IIpsivble BBIYMCIICHUS HOKA3BIBAIOT, YTO IJISL JIFOOBIX
s € Nu h € Zy cipasemymso cpasuerue f(z + 2°h) = f(x) + 2°h (mod 25T1),
T.e. uTO DyHKIUs f paBHOMEpHO muddepeHImpyeMa Mo MOLyIo 2, npudeM f; = 1
Bcrony Ha Zo u Ni(f) = 1.

Ianee, B Teopun OyseBBIX QYHKIIUN XOPOIIIO M3BECTHHI HEOOXOOUMBIE W NOCTa-
TOYHBIE yCJIOBUS TPAH3UTUBHOCTHU MO MOmyio 2" (yHKIun f paccMaTpuBaeMOro
BHUMa: WMMEHHO, OHA TPAH3UTUBHA MO MOAY/0 2 TOrma m TOJBKO TOTIA, KOTIa
vi(xoy... ,x;) = Vi(xo,... ,Ti—1)+x; mai=1,2,... ,n— 1, npuyeM KaxnasIi Oy-
neB MuOTOWIEH ¥; (X, ... ,x;—1) npu ¢ = 1,2, ... ,n — 1 umeeT HeueTHLIH Bec (T.e.
Y1CII0 BceX HAOOPOB 3HAUEHU IIepEMEHHBIX, HA KOTOPBIX OH IPUHUMAaeT 3HaueHue 1,
HEUYeTHO), a ¥y = 1. (DTOoT pe3ynbrar, KPUTEPUN TPAH3UTUBHOCTU 110 MOMYIIIO 2"
TaK HA3bIBAEMBIX IIPEO0pPa30BaHUI TPEYTOIBHOTO BUIA, OTHOCUTCS K MaTeMaTUde-
CKOMY (POJIBKIIOPY, TO3TOMY YKa3aTh €TI0 MEPBOUCTOYHUK 3aTPYIHUTEIHHO, OMHAKO
IOKA3aTeIbCTBO MOXKHO HallTH, Hanpumep, B [11], memma 4.8).
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Taxum obpasom, BbIOpaB mis maHuoro n € N ¢yuknumio f Tak, 9T0bbI Y9 = 1,
KaxK bl OyseB MHOrOWIeH ¥;(xo, ... ,x;—1) oupu i = 1,2,... ,n — 1 uMen HEYETHBIIT
Bec, a OyieB MHOTOWIEH ¥y, (Zo, ... ,Tnp_1) UMET YETHBIN BeC, MOIYIUM (DYHKIIHIO,
KOTOpas TPaH3UTHBHA 10 Momyio 2% mpu k = 1,2,... ,n, HO He TPAH3UTUBHA IIO
momymio 2771, Ho Torma oHa He GymeT TPAH3UTHUBHA U IO KAsKIOMYy MoOmymo 2F
npu k > n, TOCKOJBbKY BBUIY COBMECTUMOCTHU QYHKIUU f U3 TPAH3UTUBHOCTHU f 110
Momymio 281! BeITekasa GbI ee TPAH3UTUBHOCTD MO MOIyO 2F.

3.16 CnencrBue. Ilycmv A = (Zp;Q) — ynusepcatvbnad ai2epa ¢ KOHEUHOU
cuenamypot 2, u nycmv 6ce onepayuu u3 ! — pasnomepro Jupdepenyupyemvie
no modyamo p? PyHnryuU, UMenUUE Yea03HAUHbLE NPOU3E00HbIE N0 ModY.a0 p2. To-
eda cywecmsyem maxoe k(A) € N, umo noaunom f(z) € Alx] acumnmomuuecku
apeoduuen moeda u Moabko Moz20a, K02da ox Mpan3umueer no modyao prA).

lloxazameavcmeo. Ananormuno mokaszatenbcTBy 3.10, 3°, a moToMy meTasu OImyc-
katorcs. Moxno monmoxuts k(A) = max{Nz(w) : w € Q} + ¢, rme € = 1 ecim p
HEYETHO, WJIN € = 2 B IPOTUBHOM ciiydae. [

4. I'PAHUILIBI, C KOTOPBIX HAUMHAETCS IIOOBEM.

Pesynaprars! npenbiayIero pasmera moKas3bBalOT, 9TO st Kiacca Dy (coorsert-
crBenHo, Ds) Becex paBHOMEPHO MuddEPEHIINPYEMBIX IO MO P (COOTBETCTBEH-
HO, TI0 MOMyMIO p?) GyHKIMI, IMEIONINX Ie03HAYHBIe TPOU3BOMHEIC O MOILYTIO
p (COOTBETCTBEHHO, TIO MOMYIIO p?) MOXKHO yKa3aTh Takyio dymkmmo (:D; — N
(n: Dy — N), uro dyukuus f € Dy (f € D2) acUMOTOTUYECKU COXPAHSIET MEPY
(ACHMITOTHYECKH DPrOAMYHA) TOTIA U TOJILKO TOIA, KOTa OHa OMeKTUBHA (TpaH-
sutuHa) 1o Momymio pttf) (p"(f)). Teopemsr 3.9 u 3.14 maroT cooTBeTCTBYyIOIIIE
ouenkn senumuu C(f) u n(f).

OTH OIEHKNM TOYHBI B TOM CMBICIIE, UTO CYIIIECTBYET COBMecTuMAas GyHkmusa f €
D1 (f € Dy) Takas, uto f 6uektusHa (TpamsnTuBHA) 110 Momyio p™Vt (F) (10 MomysTIO
pN2(f) npu p # 2 WK O MOIYJIIO 2N2(f)+1 opu p = 2), HO HE COXPAHIET Mepy
(me sprommuna). Hampumep, momuuom f(x) = 1 + 2P GuekTuBEH MO MOMYIIO P,
Ni(f) = 1, 5o B cuty 1° u3 3.10, monmuHOM f He GUEKTUBEH MO MO0 P2, TTOCKOIbKY
f'(2) =0 (mod p) mst Bcex z € Zy,.

B xauecTBe cooTBeTCTBYOIIIErO TpUMEpa K Teopeme 3.14 mpu p # 2 MOXKHO B34Th
dysxuno f(z) = (r+ 1) ®p 1, roe ®, — omepanus MOPa3psIIHOTO YMHOXKEHIS IO
MOIYJIIO P LENbIX p-agmdeckux qucel: 0;(x ©Op y) = §;(2)d;(y) (mod p) mus Beex
i € Ng. @ymxmus f pasHOMepHO muddepeHIIpyeMa, ee TPOM3BomHas pasHa 0
Bcony Ha Zp, a No(f) = 1; upu sToM f TpaH3UTHBHA [0 MOLYJIIO p, HO NaXe HE
6mekTUBHa (1 TeM Gojlee, He TPAH3WTUBHA) TIO MOIYITIO P°.

Tem He Mmenee, ouenku Benuund ((f) u n(f), KoTOpBIEe HAIOT, COOTBETCTBEHHO,
TeopeMbl 3.9 u 3.14, MOTYT CHITBHO OTINYATHCS OT UX NCTUHHBIX 3HAUECHUN M1 Pa3-
auaHbIX nonkiiaccoB u3 Dy u Dy. Hanpuwmep, mis dyukuuu f(x) = (ax + b) XOR ¢,
roe a,b,c € N, Teopema 3.14 yrepxknaer, uro f(2) acCUMOTOTHYECKEN SPrOAMYHA
TOT/Ia W TOJIBKO TOTMAa, KOTMIa OHA TPAH3UTUBHA IO MOMYJIIO 2llog, CJ+2, TTIOCKOJTH-
Ky 9Ta QyHKIUS paBHOMEpHO nuddepeHnmpyeMa 1 nMeeT IPOU3BOOHYIO, PABHYIO 4
Bcrony Ha Zg, a Na(f) = |logy ¢|. Omrako HEOCPENCTBEHHOE MIPUMEHEHHE YIIOMSI-
HYTBLIX BBIIIE€ KPUTEPUEB TPAH3UTUBHOCTH TI0 MO0 2" I TIOJIMHOMOB CTEIICHN
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1 mam Z un nis npeobpa3oBaHUil TPEyrOJALHOIO BUAA JAET, 9TO paccMaTpUBaeMas
q)yHKHI/IH ACUMIITOTUYCCKHI 3PTroanvYHa TOr'Ma W TOJIBKO TOrga, KOrda OHa TpaH3Hu-
THUBHa IIO MOOYJIIO 4. HOQTOMY opeacTaB/isieT MHTepeC 3adavda HaXOXIOCHUA yTO4-
HeHHBIX OleHOK BesmmuwH ((f) u n(f) Mg pasnuuHbBIX BaXKHBIX B TOM UM THOM
CMBICTIE KJIACCOB (DYHKIMIA, 60siee y3KIX, HexXelIn Kiraccsl Dy u Ds.

B mamHOM pasmene MBI paccMaTpuBaeM Kiace A BCeX COBMECTUMBIX (DYHKIUI
f:Z, — Z, Takux, 9T0 K053)GUINEHTHI NX NHTEPIOJLIIUOHHBIX PSIOB yObIBAIOT KaK
i! mmu GeIcTpee (HATIOMHUM, 9TO llfm i! = 0). Tounee, byukuus f, npencrapieHHAasL

7 o0
B BUIE MHTEPHIOIAIMOHHOrO psina () (cM. pasmen 2) ¢ HesbIME p-aIlnuecKUMI KO-
sdhummenTamu a;, conep:kurcs B A Torma u TOJIBKO TOrIa, KO OHA COBMECTHMA
U TIOCTIeIoBaTebHOCTD { || G5 14 = 0,1,2,... } orparmuena, T.e. |||, < pP) s
nekoToporo p(f) € Ng. Hamomuum, uro, cormacuo Teopeme 2.1, dyukuus f Buna
(¢) coBmecTIMa TOrmA I TOTBKO Torma, kKorma ||a;||, < p~Ho8 ¥ mus Beex i € N.

Knacc A mOBOABHO IMIMPOK: OH CONEPXKNT, HAIIPUMED, BCE IEJIO3HAYHBLIE COBME-
CTUMBIe aHAJIUTHYEeCKNe Ha Z, (QYyHKINN, B YACTHOCTH, COBMECTHUMEBIC (DYyHKIINM,
3amaBaeMble Ieo3HauHbIMy monumeomaMu Han Q. M3sectwo, (eMm. [3], ri. 4, Teo-
pema 4, cTp. 224), uaro dbyukuns f Buna (<)) aHanuTudHA Ha Z, TOTOA U TOIBLKO

P
Torma, korma lim 4 = 0.
i—oo U

B ocraseiics wactu sToro pasmenna Mbl cantaeMm, aro f € A. Tlomoxum

k

A(f) :min{keN:2% —k>p(f)}.

CnpaBeniuBa CltemyroIias

4.1 Teopema. Ilycmv f € A, u nycmv p — neuemmoe npocmoe wucao. Pywkyusg
f apeoduuna moeda u moavko mozda, kKozda ona mparzumuska no modywo p>H+1
(ecau p # 3), uau no modyao 3XH+2 (ecau p = 3).

[Tockonbky f coBmecTuMma, TO B cuity 2.1 ee MOXHO IPENCTAaBUTH B BUIE

Fla) = bo + ij balon (7).

roe b € Z, nna j = 0,1,2,... . llagee Be3ne B HOKa3aTEILCTBE MBI IPEAIOIAraeM,
uTo (yHKUMs [ OpencTaBieHa B 5TOM Buze. B mambHeiem Mbl oboznagaeMm A( f)
uepe3 A\, a uepe3 p — HEUYETHOe MPOCToe Ymcyio. Ham moHamo6SITCS HEKOTOPBIE
TEXHUYECKUE PE3yJIbTaThI.

4.2 Jlemma. B mpednoaosrcenudar meopemvl 4.1 cnpasedaussbl caedyrouue cpas-
HEHUL: \
D3

A

> 2
= 3p

b = { 0 (mod p), ecaui
’ 0 (mod p?), ecau i

Llokazameavcmeo aemmuvy 4.2. 1lpu b; = 0 yTBepxIeHUE JIeMMbBI TPUBUAIIHHO.
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[Mycts b; # 0. IlpencraBum f B Bume

@) = b+ 3 bl o),
i=1

rue, HanoMHnM, (z); = x(x—1) -+ (x—i+1). Ilockoneky f € A, T.e. ||b;p [log, 1] <

,
pp(f) ||Z'||P7 TO

ord, b; > ord, i! — Llogp ’LJ — p(f), (1)

nas Beex ¢ = 1,2,... . Hamommmm, uto misa a € N semommsercs log, [lall, =
—ord,, a; TakuM 06pa3oM, MaKCHMAaJIbHAs CTEIEHDb P, NeNSIas ¢, B TOYHOCTH PaBHA
pordp a

Hanee, yuxrms »(i) = ord, il — \_logp i| xax QymEKIM apry™meHTa i, ABIICTCS
HeyObiBatowelt. [y mokasaTeIbCTBa TOrO 3aMETHM, YTO, O4eBHOHO, ord,i! >
ord, (i — 1)!, a notomy, ecmm |log,i| = |log, (i — 1) |, o s(i — 1) < 3(i).

Homyctum, 91O Llogp jJ > Llogp (7 — 1)J IIJIST HEKOTOPOTO IOJIOXKUTETIBHOTO Pa-
UOHAILHOTO 1es0ro j. SIcHo, aro [log, j| + 1 ecTs umeno Beex smauamux nudp B
p-uaHOM npencrasiennn j. CremoBaTeIbHO, PACCMATPUBAEMBIN CIIydail IMeeT Me-
CTO TOTMA U TOMTBKO Toraa, Korma j—1 = (p—1)+(p—1)p+---+(p—1)p" = p"t1 -1
ms mexoroporo n € No. Onmako Torma ordy, j! = ord, (j — 1)! +n, |log,(j — 1)| =
n, |log,j| = n+1, n, cnenoparemsro, (j) > »(j — 1).

s 3aBepIeHUs MOKA3aTENbCTBA JIEMMbI TElePh MOCTATOYHO IMOKA3aTh, UTO

. 1 . .

#(2p*) — p(f) = 1 u »(3p*) — p(f) > 2. Hamomumm, uto ord, i! = o1 (i — Wty i),
roe wtp,? ecTb cyMMa BCexX ImMbp B p-UIHOM IPENCTABIeHHN i (T.e. eCum i =
io + i1p + -+ + isp°, rme dg,...,is € {0,1,...,p — 1}, TO Wtpi = g + -+ + i,
cM., Hanpumep, [6] , rir.l, pasmen 2, ynpaxuenue 13).

Iockombky p # 2, To 2(2p*) — p(f) = ]lﬁ@pA —2)— X —p(f) = 1, cornacuo
onpenenieanio A = A(f). 3uaunt, ecau p # 3, TO

1 1
Jd%“—pU%=;jﬂ&ﬁ—$—ﬁ—ﬁ03Z%@ﬁ)+5jT@A—U—pﬁ)2%
UTO IOKA3BIBAET JIEMMY TIPHU P 7 3.

Haxkonen, mycts p = 3. Torma

1

#(3p%) = p(f) = (31 = p(f) = SBM =D = A= 1= p(f) > 2,

1/160 B IIPOTUBHOM CJIyqae BBULY HEpaBE€HCTBa
3>\_1_)‘>p(f)7

BBITEKAIOIIEr0 HENOCPENCTBEHHO u3 ompenernerus A = A(f), BBIDOTHsIIOCH GBI 1

HEPaBEHCTBO
1
5(:),H‘l—l)-—A—1—3A+1+A<1,

T.e. 3 —1 < 2, orkyma A < 1, sonpeku ompenmenermio A = A(f). Jlemma 4.2

mokasasa. L[]




4.3 CnenctBue. B ycaosusr meopemvt 4.1 dag i € N cnpasedausvr caedyrowue
CPABHEHU: .
Aif(z) { 0 (mod p?), ecaui >2p*+1;
i L0 (modp), ecauizp+1.
Joxasameavcmeo caedcmeus 4.5. Hockombky AJ (F) = (ij) mpu i > j, u A (%) =
0 ompu ¢ < j, TO

Alf('l.) 1 - o, j | —or j T
:gz:b‘]pLl ngJ dp'j( )7
Jj=t

i j—i

roe i = ip ot ? ¢ Ly, ord,i = 0. Temepp pe3ynpTaT OYeBUOEH BBUIY JIEMMBbI
4.2. O

4.4 Ilpensoxeuune. B ycaosugxr meopemvr 4.1, pynwxyug f pasnomepno dug-
pepernyupyema no modymo p? (npuuem No(f) < A(f) + 1), umeem yeaoznaumyro
nPouU3600HYI0 MO MOYA0 P?, U

A

A =30 2O o g2y,

]
i=1

lloxazameavcmeo npedsoxcenus 4.4. s mokazaTenbCcTBa MEPBON YACTH YTBEP-
KICHUS Ipenyioxkenus 4.4 mokaxeM, 9To cyuiecTsyer dyukiys f4:Z, — Z, Takasi,
9TO 11 BeeX ¢, h € Z, u Bcex m > A(f) + 1 BBIOIHSETCS CIIEMyIOLee CpABHEHNE:

flx+p™h) = f(z) +p™hfs(z) (mod p™T?). (1)

Beuny coBmecTumMocTu yHKIUM f HOCTATOYHO YCTAHOBUTH CIIPABEMNJINBOCTD CPAB-
werus (1) muums ma h € {1,2,...,p? — 1} (cnywait h = 0 Tpusnasnen). [Ipuvenss
cupaBenuByio nis jioboro n € Ny dopmyny HeroTona

aem =32 (7)ase

npu n = p™h momydaeMm, UTO

f(z+p"h) = f(z) + p"hom(z,h),

(o h) = ’g (pmh = 1> A'f(x)

71— 1 7

Orcrona BBuny 4.3 niass m > A + 1 momygaem:

Om(z,h) = 22133 (pmh B 1) Alf( ) (mod p?).

; 1—1 )
=1
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Hamee, ms Bcex i = 1,2,... ,2p” BLIIOTHAIOTCS CIEAYIOIINE OUEBUIHEIE PABEHCTBA:

1—2 1—1
pmh_l pmh_(k+1) h m—ordy, j
() I =G )
k=0 =1

»J, T.e. 3JEMEHT ) UMeeT B Z, MyJIbTUINIMKATUBHBIA OOpaTHBIM

A _ qg.—ord
Bnmecy j = jp ,
L e Zyp; CTenoBaTeNbHO, KaXKOBIH COMHOXHUTEIb IIPOM3BENEHUs U3 IPABOA YaCTH

7
paBeHCTBa (5) €CTh p-amuvecKoe IesIoe IuciIo.
Ecma i < p*, To m —ord,j > 2 musa Beex j = 1,2,... ,i — 1; mostomy u3 (5)

(6)

1—1

Ecm we p* +1 <4 < 2p* mwj € {1,2,...,i — 1}, To pasercTBo m — ord, j = 1
BEITIOJIHSICTCSL TOTIA U TOIBKO TOTA, KOINA OTHOBPEMEHHO j = p  mwm = A+ 1; B

OCTaJIBHBIX XK€ caydasx m — ord, j = 2. Omgsako ecau m — ord, j = 1, To

CIIeIlyeT, uTo
mp 1 )
(p h ) = (-1 (mod p?).

A'f(x) =0 (mod p)

l

BBUIY 4.3; 3HAUNT, BO BCEX CIIyUasSX CIPABEIIIBO CPABHEHUE

(h m—ordy, j 1) Azf(x) _Alf(.il:) (mod p2).

—=P ;
7 1 1

Orcrona BBumy (5) 3akiIrouaeM, 4TO
(pzii_l 1>AJ:(:E) (_1)2'—1A ]:( ) (mod p2)

mis Beex 4 = 1,2,...,2p>. Teneps (4), (6), (7) coBmecTHO maioT

2p)‘ ;
1A ()
— 1)1 2
o) = 3L noa p2),
=1
uaro BBUAy (2), (3), (4) 3aBeprmaer mokasaTenbcTBO npemiokenus 4.4. [
IIpu svinoanenuu ycaosuti meopemvt 4.1 natidemes gywwyug 0: Z,, —

4.5 Jlemma.
2Ly marad, wmo 04d Npoudeosvhulx T, h € Z, evinoangemcd cpasHerue

flx+p*h) = f(x) + p hfs(x) + p ' h%0(z)  (mod p**?).

Pynxyug 0 obaadaem caedyrowum ceoticmeom: dag aobwix a,b € Z, cpasnenue
a = b (mod p*) eaeuem cpasnenue 6(a) = 6(b) (mod p). Kpome mozo, moxrcho

NOAOHCUIND

—1 —1 —1
. f(.’l?) n pZ(—l)k_l Akpk —l—pkf(;p) 4 AQpAf(l')
ij—l Pt kpA 2p/\+1 '
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lloxazameavcmeo aemmvr 4.5. Hokaxem BHauase, 9o GyHKIUS 6, 3amaHHAs TO-

CJIEIHUM PaBEHCTBOM 13 (HOPMYJIUPOBKU JIEMMBI, IPUHUMAET IeJIble p-alndecKue

3HAUEHNWs BO BCeX TOUKax m3 Zj,. Ilockombky BBUIY coBMecTmMocTH (yHKIUI f
A’ f(z) —

Kaxnag npoob —-~—, rme s = 1,2,3,..., ecTb Hesoe p-aAmdecKoe Yncso (cMm.

3.1 u3 [11]), TO mOCTATOYHO MOKA3ATH JIMIIL, YTO ONPENEJICHHbIe HIXKe (DYHKINN

a(x) n Bi(z) npHHUMAIOT IeJIble p-anudecKue 3HAUEHNs NIPH BCeX & € Z, u k €

{1,2,...,p — 1}. Tlo onpenenenuio,

A f(x)

Akpkfl_kp)\
ale) = S o) = =

kp? '

[Tockombky

Nfu):ibjptbgvﬂ( ’ ) 1)

j—i

mis i = 1,2,3,..., & bijIOgP il = (mod p*1) mns Bcex paNMOHABLHBIX TIEITHIX
j = 2p* (em. 4.2), To a(x) € Zp. Ecim j > kp*~! + p*, To Llogpjj > )\; 3HAUWUT,
u3 (1) Berrekaer, uro i (z) € Zy.

Teneps mokaxkeMm 4TO I Beex a,b € Z, u3 copaBenJuBOCTU CPaBHEHHUSA a = b
(mod p*) cmemyer cmpasemmuBocTh cpapuerns 6(a) = 6(b) (mod p). U3 (1) and
4.2 cnemyeT, 9TO

1 3p*—1
>

Jj=2p*

by, %) od ) @)

P 2p

Hanomunm dopMynupoBky u3BecTHON TeopeMbl JII0Ka (I0oKa3aTeabCTBO CM., Ha-
npumep, B [4]): ecmm a = Y o a;p' mwb = Zi\;o b;p' ecThb, COOTBETCTBEHHO, Ka-
HOHIYIECKUE P-aUIecKue MPENICTABICHNS IeJI0T0 p-aqiudecKOr0 YUCIa @ W HEeOTPH-
[ATEIHFHOTO PAIMOHAIILHOIO Iesioro uncia b (t.e. a;,b; € {0,1,...,p — 1} mus

i=0,1,2,...), TO
<Z> _ (Zs) (Zi) <Z§) (mod p).

Ioatomy, ecim a = b (mod p*), To w3 Teopembr Jloka cremyer, 9TO IS BCEX
j=2p*2p) +1,...,3p* — 1 cupaBenmBO CllemyoIee CpaBHEHNE:

(j —a2p*> - (j _b2p)\> (mod p).

Taxum o6pasom, u3 (2) Tenepsb ciiemyer, ITo
ala) = a(b) (mod p).
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Hanee, kombunupys (1) u 4.2, nomygaem, aTo

ﬁk(x)z% 2331 bj( ! > (mod p)

i kpA—1 _ pA
j=kp*~t+p* J P P
mis Bcex k=1,2,... ,p — 1. BuoBb npumenss teopemy Jlroka, 3akimodaeM, 94TO

Br(a) = Be(b)  (mod p), (4)

ecmm a = b (mod pt).
Haxomner, monaras
AR f (@)
YelT) = )
@) = "

BBuny (1) sakmogaem, uto mis k = 1,2,... ,p — 1 cupaBenyuBo CIIemyOIIee CpaB-

HeHUe:
ol x
Yi(z) = % Z b (j B kpA_1> (mod p).

j=kp*~1

FEme pa3 npumensis teopemy Jlioka, momydaem, 9To

T(a) = (b)  (mod p), (5)

ecm a = b (mod p*). Cnenosatemnsro, Bumy (3)—(5) U3 cpasmenns a = b (mod p*)
BeITeKaeT cpasrerue 6(a) = 0(b) (mod p).

Temeps moxkaxkem OCTaBIIYIOCS YaCTh yTBepxkaeHus jeMMbl. [lockonbky f co-
BMeCTUMa, TO B IPOIECCe NOKA3ATEIbCTBA MOXeM cuuTaTh, 9To h € N (ciyuait
h = 0 Tpusuanen). Paccyxmas Tak xe, Kak mpu mokasareiabcTse 4.4 (cM. Tam
(2)—(5)), 3aximr0oUaeM, 9TO CIPABEIJINBO CPABHEHUE

f(z +p*h) = f(z) + p ho(z,h) (mod p*T2), (6)

1—1 ')

i=1
u, KpoMe Toro, upu i = 1,2,... ,2p> — paBeHCTBO
Ph—1\ T h o
( i1 ):H(}p e =1).
j=1
IMockonbky f coBmecTuMma, TO, cormacHo 3.4 u3 [11],

A'f()

—— = 0 (mod p)
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BO BCEX CIyvYasX, KpoMe, ObITb MOXET, CIydas, KOTHa ¢ mMMeeT BUmI ¢ = tp° mis
nonxomsammax t € {1,2,...p — 1} mw s € Ny. Ioaromy, ecmm i < p*~L, mm ecim

omuospemernno p* 1 < i < p* uw p*~! me memmt 4, To W3 (8) cmemyer, uTO

(pih_—l 1) Al;;(:v) B (_1)1-1&7:_@) (mod p?). 9)

Hycts i = kp* %, roe k € {2,3,... ,p— 1}. Torma u3 (8) cuemyer, aTo

*h—1 -
(pi—l ) (1 th (mod p*)
Hanee, ecn p* < i < 2p* mword,i # A\, A — 1, To

At f(x
f( ) =0 (mod p?)
i
(em. (1) m crlemyrortiee 3a HUM CPABHEHUE).
OcTasock paccMOTpeTh IBa cilydas: i = vp*, rme v € {1,2}, m i = kp*~! + p?,
roe k € {1,2,...,p — 1}. B nocnennem u3 uux BBumy 4.3 u (8) BbIDONHSETCS
CpaBHeHue

(AL 2y B B oa ).

1 —1 ? ?

Hanee, mpn k = 1,2,... ,p — 1 B mone Q, mMeeT MecTO cliemyroliee TPUBUATBHOE
PaBEHCTBO:

Akp +p)\ Ak,p)\—1+pA
k kp =1 + pA fpr—1

Orcrona BBuny 4.3 3akiaodaeM, ITO

Akp>‘71+pAf(x)

- =0 (mod p),

a Tak Kak ¥ € Z, m ord,? =1, To 3 (13) cnemyer, aTo

AkPA71+P>\f(x) Ak:pA71+p>\f($)
kpr—1 4 pA kpr—1

(mod p?).

Teneps, npumenss (12) ons i = kp* ! + p*, saxmouaem, aTo

< ph—1 )Mp“ﬂ’*f(x)

kp)\—l _|_p)\ -1 kp)\—l +pA

. Akpx—ler/\f(w)
kp)\—l _|_p)\

= (—1)k e + (~1)* phfi(x) (mod p?).  (14)
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B ciyuae, korma i = p*, u3 (8) BLITeKaeT, uTO

by p—1

ph—l) A_q 1 r_q
-1 7 —ph Yy —=(-1)"

(i) = 5=

HOCKOJIBKY TIpu p 7# 2 B (), BHIIOTHAIOTCS CPABHEHMUS
p—1 p—1

: j=0 (mod p).

=1 =1

Haxower, npu i = 2p*, B cauty (8) m 4.3, MBI 3aK/TIOYa€M, UTO

(pAh - 1) A2p>‘f(x) (_1)2]))‘—1 Azp}\f(x)
2pr — 1 2p?

2p>‘
n hA f(x)
2p 2p?

2p* —1 A2pAf($)
2p*

=(-1) + hpa(z) (mod p?). (16)

Teneps, kom6urupys (6), (7), (9), (11), (14), (15), (16) c 4.4, MBI 3aBepiaem
NOKa3aTeIbCTBO JleMMbl 4.5. [

4.6 Jlemma. B npednoaosxcenudr meopemvl 4.1, dag scex x,h € Z, cnpasedauso
caedyroujee cpasrenue:

fa(z +p*h) = fo(x) + 2phf(z) (mod p?).
3deco 0 — Pynryusa, onpedesennad 6 GopmysuUPosKe AeMMbL 4.5.
Jloxazameabcmeo aemmvl 4.6. Beuny 4.4, cipaBeninBO CIEAYIOIee CpaBHEHUE:

2p)‘

fix+p*h) =) (1)

=1

i1 AT f(z +p*h)

]

(mod p?). (1)

Ipui=1,2,...,2p" u3 IpeIbIOyIIE JeMMbI CIELyeT, UTO

Alf(z+p*h) _ Alf(z) n hp)\—ordpiAifé(x) 4
' )

] 1

—or zA(Le‘IB
ot 20D o) (o)

roe i = ip~°"9 ? umeer B KOTIBIE Zip MyIBTUNINKATUBHBIN 00paTHBIN % € L.

YJieH BTOPOro MOpsIKa OTHOCUTEIHHO h B cpaBHEHNHU (2) MOXKeT He 06paIiaThes
B 0 T0 MOITyITIO p? ML B CIIydae, KOTIa § € {p>‘, 2p>‘}. Omnuako, mockonbKy A7 (ff) =

(ij) mpuv > ju A (f) = 0 npu v < j, To 014 Bcex j € N BBIIOTHAETCS PABEHCTBO

Ajf(x)zibyptlogp@( v ) (3)

v—J
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Cnenosatensro, ecun j € {p*,2p*}, o

A—1

AJTkp

kp

f(z)

- =0 (mod p). (4)

mpu k € {1,2,...,p — 1}. Hanee, ecmu j € {p*,2p*}, To u3 pasencrsa (3) BBUIY
4.3 cnemyeT, UTO

Aj+kp**1+pkf(x)
kp?

AJ‘*?I’Af(x)
2p?

=0 (mod p), (5)

=0 (mod p). (6)

Teneps, mo onpenenennio Gyukium 0, kom6uaupys (4), (5) u (6), MbI 3aKiTIOYaeM,
===

YTO (mod p) mpu i € {p*, 2p*} m, Takum o6pazom,

A'H
h2p)\+1—ordpz i(m) =0 (mod p2) (7)

mis Beex 1= 1,2,...,2p.

Ysen mopsnka 1 otHOCUTEBHO h B (2) He obparaeTcs B 0 o MOMy/iO p? T,
MOXeT ObIThb, ipnt § € {1,2,...,2p*} Taxux, aro ord,i > A — 1, T.e., mpn

ic{p’2pM kpM kM 4 k=12, p— 1}

Kombunupys 4.3, 4.4 u yxe nurupoBannoe yreepxkuenue 3.4 u3 [11] (cm. paccy-
KIEHUe, crenyroliee 3a (8) B mokazarenascTse 4.5), morydaeM, 9To

A—1p—1

fie) = 2@ SN AT I@)a ), ®)

t
T
p t=0 =1 p
u, CJIe00BaTE/IBHO,

A—1p—1

Afyay = B I@ NSNS ATI@ gy ()

A t
p t=0 7=1 P

Hocnenmee mpu i € {kp* ' +p* : k = 1,2,... ,p — 1} BBuny (3) u 4.2 o3mauaer,
aro Alf5(z) =0 (mod p), u, crenoBaTeTHLHO,

N 16

h
P kE+p

0 (mod p?) (10)

npu k = 1,2,... ,p — 1 (mOCKOIBKY TOr[a MYyJIbTUIINKATUBHBIA OGPATHBIMN #p K
k + p nexur B Zy).




Ecmu i € {kp*1:k=1,2,...,p— 1}, To BBUDY 4.2, (3) u (9) mmeem:

N + p—k—1 A(T+k) A—1
P fé(:z:)E pp @) | d (=t Tpi_lf(x) (mod p). (11)

T=

Eciu i = 2p*, To u3 4.4 cnenyet, ITO

-1 Aj+2pr(x)

A fi(x) = (mod p?).

[Mocnenuee BBumy (3) u 4.2 o3nauaer, 4TO
Azpkfé(x) =0 (mod p?). (12)

PaccmoTpuM Temeps ciyuait 4 = p*. U3 npenmoxerus 4.4 BHITEKAET, UTO

N 14+p* . ip>
& fia) = 3 (- L)

j=1

(mod pz), (13)

IOCKOITBKY, KOMOUHUPYs (3) ¢ 4.2, 3akmouaemM, aTo mpu j = p* + 1,... ,2p> cipa-
BEMJINBLI CDABHEHUSI
DY
AJTP f(:c)
J
Bosnee Toro, u3 (3) cremyer, 4TO HOCIEOHEE CDABHEHUE CIPABEIJIMBO TAKXKE IS
Beex j < pt — 1 Takux, uro j # kp*~! (k=1,2,...,p—1). Takum obpaszom, u3
(13) caenyer, uTo

0 (mod p?).

\ A? ”1 AR
A fa) = 2 pf )4 pflf” (mod ). (14)
kl

Teneps, noncrasnss (7), (10), (11), (12), (14) B (2) u cymMupyst BCe IOJLy YCHHBIE
TaxuM 06pa3zoM cpaBHeHns 1o i oT 1 no 2p*, Beumy (1) m 4.4 3axmouaem, 9To

(—1;1c—1 pil(—l)Tl ATHRIP T £ () .

Tph 1

fo(z+ph) = fi(z) + hp(

T=

B AkpA1+P)‘f(x)> N

kp

L AR £ ()

A% f(z)
kpr—1 A

’ (modp?). (15)

+h

HamomumM, 9TO 371€Ch U ajiee Bce BEIYUCICHNS TpoBoasTcs B moje (), a cpaBHeHHIE
£ =0 (mod p¥ ) ot € € Q) U TOTIOXKUTEIBHOIO PAIIMOHAILHOLO IeTI0T0 k O3HAYAeT,
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arto ||€|l, = p~* (u moTomy € ectn p-ammdeckoe tesnoe). Beumy sToro zamewanms
3aKJII0UaeM, ITO

—1 Pkl AR

Z (_1)7——1 Ailf(w)

T= P

(-1)™ Z EMP—

A—1
=1 k+1t=m p

nockonbky npu k, 7 € {1,2,... ,p — 1} cupaBenyiuBbl OUE€BUAHbIE PABEHCTBA

Y i- Y atmea ¥ (Geh)-23

k+1=m k+1=m k+1=m =1

Kpome Toro, xax GbUIO TOKA3aHO MpHU HOKasaTenbeTBe jiemMbl 4.5, a(x) u Ok (z)
ABIIAIOTCS p-adudecKuMu HeabiMu mpu k = 1,2,... ,p—1u x € Z,; TakuM o6pa3om,

A2 N Ak A1y
2hpa(z) = hpp—{(x); hpBi(z) = h - kp/\:f(x)’ (17)

rae BCe COMHOXKHUTENN €CTh P-aIMdecKue Iejble. Tenepb yTBepKIeHne JIeMMbI Cle-
nyer u3 (15), (16), (17) u onpenenernus pyuxmun 6. O

Joxazameavcmeo meopemwvl 4.1. Ilpuctymas ¥ mokazaTemabcTBY TeopeMbl 4.1, oT-
MeTHUM BHaJaJe, 4To coriaacHo 4.4 cnpasenymuso HepaBeHCTBO Nao(f) < A+1. Takum
obpasom, BBumy 3.14 mOCTATOYHO MOKA3aTh JIWINL, 9TO eciiu p # 3 u QyHkius f
TpaH3UTHUBHA 110 Momyio p Tl To Torma f TpamsuTuBHA m mo Mmomymio prT2. B
CBOIO OY€PENb, B CIIY 3.15 MJIs 3TOr0 IOCTATOYHO TPOBEPUTH JIUIIb, UTO

T@) £z (mod pt?) 1)
11t XOTs1 6bI OMHOTO T € Zyp. Iamee GyneM BBIUHCISITH JL () mod p**t2,

Tax xax f coBMecTuMa, TO OHA B CWIY CIIEJIAHHBIX BBIIIE IPEATIOIOXKEHIN TPaH-
3UTHBHA TI0 MOMYJTIO P’; TIO3TOMY BBHMY 3.15 3aKiIiouaeM, UTO HAMIETCs OmpeesIeH-
Has Bciony Ha Z, dyskuns {:7Z, — Z, Takad, 9TO IO/ BCeX T € Z, CIPaBEIJINBO
CTIeyIoIIee

7 (x) =z +pMe(x), E(x)£0 (mod p). 2)

Ilanee, yrBepxknaeTcs, 9To mis Kaxmoro ¢ = 0,1,2,... BBIIOIHIETCS CpaBHEHUE:
A s . .
FPH () = fia) + p @) (F(2)y +
+p g (a)? Z 7 fk ) H(f’“( )) (mod p**?).  (3)
2

3nech u majee MBI, KaK OOBIYHO, IOJIAraeM, UYTO €CIU MHOXKECTBO 3HAUCHUN MHIIEK-
COB IIyCTO, TO COOTBETCTBYMOIIAs cymMa (mpousBenenue) pasaa 0 (cOOTBETCTBEH-
Ho, 1). 3BaMeTwM Taxxke, UTO MOCKOIBKY f TPaH3WTHBHA IO MOMyT0 p* 1, To
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oma GuexTmBHA MO Momymio p 1 a smaumT, f GWEKTHBHA W MO KAXKIIOMY MOMYITIO
p*,...,p%,p B cuny copmectmmoctu f. Cremosarensro, f(z) # 0 (mod p) ms
BCeX & € Z, (cM. moKa3aTenbcTBO TeopeMbl 3.9), a 3Haunt, u fy(x) #Z 0 (mod p)
(rak kax f}(x) = f{(x) (mod p)). Takum o6pazom, Bce 3HAMeHATENN B (3) UMEIOT
MyJIbTUININKATUBHBIE OOPATHBIE B KOJIbIE Zy; B CHILy 9TOTO, IPU IOKA3aTEILCTBE
CHIPaBEIINBOCTU CpaBHEHUs (3) U masiee B MONOOHBIX CIIyYasX MBI MOXKEM CUUTATH,
YTO BCE BLIUUCJIEHUS IPOBOMSITCS B Zyp.

CropaBenuBocTh cpaBHeHUs (3) Jerko mHoKa3aTb MHIyKnued no i. Ecmm i = 0,
10 (3) ecTb TpuBmanbHOe crencreue (2). Ilycrs (3) BeimonHsercs npu i = m — 1.

Tak xax N N
() = (T N ), (4)

TO, MO0XKUB B (3) mapamerp ¢ paBHBIM m — 1, 3areM noncrasus (3) B (4) u npu-
MeHUB jleMMy 4.5, BBUIY COBMECTUMOCTH QYHKINU f U CIPABEIINBOCTU CDABHEHNUS
(fF(x))y = Hf;& 5(f7(x)) (mod p?) MbI cMOKeM MOKa3aTh CHPABEIINBOCTE CPAB-
HeHUs (3) Ipu ¢ = ™M IPSIMBIMU BBHIYUCIICHUSIMI, TETAIN KOTOPBIX OILyCTHUM.
Teneps npumeHnM (3) 71 BHIUUCIICHUSL prl(x) (mod p**2). Monoxum

AmhuwmzﬁMMm

| G g —
Bi(x) Zﬁwmaf”)

=(§)f5<ff )( szfsz )

W3 nemmebr 4.6 cnemyet, 1TO

! _ | fi(e) (mod p?), ecru h = 0;
faletrh) = { J%é(C) (mod p), ecimm h # 0. (5)

IockombKy f TpaH3WTHBHA 10 MOLYJIO p*, To cpaprerue (5) Bmeuer fh(fF(x)) =
f5(f7(x)) (mod p) kak Tomeko k = r (mod p*). Kpome Toro, BBumy 4.5 u3 mocen-
HEro ycoms ciremyeT Takxke, ato 0(fF(x)) = 0(f"(z)) (mod p).
Ianee,
p*-1

H Fom (x (mod p). (6)

4TO, aKTUIeCKU, OBLIO yKe YCTAHOBIIEHO NPH HOKA3aTelbCTBe JieMMbl 3.15 (e
TaM BbIBOoI paBeHcTBa (6)), mockombky Ni(f) < A BBumy 4.5. CremoBaTenbHO,

HI::O (@) =T1_o f5(f7(x)) (mod p) xax Toneko k =r (mod p*). Oxomua-

TEJIbHO 3aKJ/IF09aeM, 4TO

p—l

By ( _jzf (@) Hhﬁ () (mod p) (7)

m




ns Beex t € N.
Beramcmmym Teneps Ay (2) mod p? nas ¢ € N. Cpasrenne (3) BBULy CpaBHEHUIT

6) m (fF(z))h = H?;& f4(fi(x)) (mod p?) ozmauaer, aToO
FHT (@) = 7 (2) + kp e () H £ () (mod p) (8)

mpu Bcex k € N u Beex 7 € {0,1,... ,p* — 1}. Ho, mockonsky

t— 1p—1

Atp H H f fkp —|—T

k=0 7=0

To BBUAy (5) 1 4.6 u3 cpaBHeHus (8) mosrywaeMm, 4ToO

t— 1p—1

Agpr (2 H H f2<fT ) + kpré(x HfQ f(z ) (mod p?),

k=0 7=0

oTKyna B cuity 4.6 ciemyeT, 9TO

t—1pt—1

HH(fsz ) + 2kpé (2 Hf2fa )E

D —1
o= 5 J{Q Hf2 f(a ) (mod p2).  (9)

Onnaxo, u3 (6) BEITEKAET, YTO Hp oL f5(F7 (%)) = 1+ pe mos nomxonsero € € Zy;
CIIENOBATENIBHO, B cuity (9) mMeeM:

t—1 A1 s—1
? oy [L0 (@)
A () = <1+ e + 2kpt(z 0(f = ):
kHO pem o Z (/2 (@)
{(f

p A1 s—1 z
=1+ tpe + pt(t Z 0(f*(x Hff,(zf((f))( )

(mod p?).

Teneps, BBuny (2), (3), (7) u (10), 3axmouaeM, 4To

FUEDT () = f (@) =
= 7" (2) + p E(x) + etp™ e (x) + p ()2 Bor () (mod pMH).
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Haxkowner, kom6unaupys (11) u (2) ¢ 04eBUIHON UHAYKIUEI 110 70, MbI OKOHUATEIIHLHO
TOJTyIa€eM, ITO

1 @) = () + e ()"

_'_p/\+1£(m)2BpA (1’) n(n — 1)(2?’L — 1)

A2
6 )

(mod p

B uwacTHOCTH,

@) =2+ p M e(z)  (mod pMH?),

NOCKONIBKY P # 2,3. Onnako BBumy (2) U3 MOCIENHETO CPABHEHUS BLITEKAET CIPa-
BEIIIMBOCTDL cpaBHenus (1), uro nokaswiBaeT Teopemy 4.1. [

3amevanue. C momorpio TeopeMbl 4.1 MOXHO TPOBEPUTH, SABJISIETCS JIA TAHHBIN
IeJIO3HAYHLIN U coBMecTuMbll nomuuoM f(z) € Qpz] sprommueckum. Ilpemcra-
BuMm f(z) B Bume f(x) = %m), rne 1 € Z, u g(z) € Zy[x], npuuem mo KpaiiHei
Mepe onuH u3 KosddunmenTos moauaoMa ¢(x) He menurcs Ha p. Ha camom mere
B KaUeCTBE T MOXKHO B34Th OOIIMI 3HAMEHATETb BCEX KOA(D(UIMEHTOB MOIMHOMA
f(z), mpencraBieHHBIX B BUIE HECOKPATUMBIX OpOGel. 3mech MBI IIPEANnosaraeM,
gTo mosmHoM f(x) mpencTasiieH B 6a3uce u3 yOBIBAIOIIMX (GAKTOPUAILHBIX CTere-
Heit (z)o =1, (z); =z, (z)2 = x(x — 1),... Win B CTAaHOZAPTHOM CTENEHHOM Gasuce
1,z,2%, ... . Torna p(f) = ord, r, mpuuem p(f) He 3aBUCUT OT BHIGOPA KOHKPETHOTO
6asuca. Temepb MbI stlerko HaxonuMm A(f) m ompenesnsieMm, sSIBISETCS JIM IOJIMHOM f
rpamsuTuBEbM Ha Z /pMF) ! (Hampmmep, mpamoit mposepxoit). B cuty Teopenmer 4.1
npu p # 2,3 9TO SKBUBAJEHTHO spromudHocTu nomuuaoma f(x) (mpu p = 3 HyXKHO
MCCIeNOBATD TPAH3UTUBHOCTD f Ha Komeue Z/pr()+2).

Bonee Toro, oka3eIBeTCs, 9TO MOy YeHHBIE PE3YILTATH AIOT BO3MOXKHOCTD IIPU
71060M IIPOCTOM P IIPOBEPUTH, SIBIILETCS U AaHHbI moiumHoM f(z) € Qplz] me-
JIO3HAYHBIM, COBMECTUMBIM U DPTOAMUYECKUM, moncuuTas ero 3uaudenus B O(deg f)
Toukax. VIMEHHO, CIIpaBEmINBO CIEMYIOIee

4.7 Ilpennoxenue. Iloaunom f(x) € Qplz| g6agemes yeaosnaunvim, cosmecmu-
MBIM U IP20JUuUYeCKUM Mo20a U Moabko mo2da, Koeda omobpaxcenue

z +— f(z) mod pliogy(deg )] +3

ede z npobezaem snauenug 0,1, ... pllogs(dee NI+ _ 1 3400em cosmecmumyio u
MPAHZUMUBHYIO PYHKYUIO HA KOALUE 6bIUEMOE Z/p“ogp(deg PI+3,

Loxazameasvcmeo. Kospdunnentsr a; € Q, (i = 0,1,... ,d) nomuroma f(z) cre-

neuu d, mpencrasienHoro B Bume f(x) = Z?:o a;(%) (em. () us pasmena 2),

omnpenesATcs ero suavennsMu B Toukax 0,1, ... ,d. IIpyrumu cioBaMu, Bee 3HaUe-
uust f(0), f(1),..., f(d) aBasAIOTCS p-aqUIECKUMIE HETBIMI YUCIAMI TOT 1A U TOIBKO
Torga, Korma Bce kKosddurumentst a; € Q, (i = 0,1,... ,d) ectp p-anuveckue Ie-
JBIE, T.e. TOTAA U TOJBKO TOTMA, KOraa mojauHoM f(x) menosHaden (CM. HAYaso
pasnena 2). Ilo amasoruusbiM coobpaxKeHUsM, BBULY TeopeMbl 2.1 momuaoM f(x)
COXpaHseT Bce KOHTpysHIuE Kojbla Z/pl8 4+ rorpa u Tomexo Torma, korma
llai|| < p~Ho8 % nua Beex @ = 1,2,...,d, T.e. Torma u TonBKO TOrma, Korma f(x)
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COBMECTUM Ha Z,. Hpyrumm crioBamu, 71 IPOBEPKY HEJIO3HAYHOCTH U COBMECTH-
MocTu nosmHoMa f () mocTaTouHo (1 HeOGXOMMMO) ONPAHIMYNTHCS IPOBEPKON TOTO,
YTO OH MHIYIUPYET COBMECTHMYIO (GyHKIIMIO Ha Komblle Z/p" mpu mexoropoM mpo-
W3BOTLHBIM 06pasoM dukcnposannoM k > |log, d] + 1.

B cuny Teopembr 4.1, mpu p # 2 IeJI03HAYHBIA COBMECTHUMBIA moiuHOM f ()
SPrOMMYeH TOTIA U TOIBLKO TOTIA, KOTJa OH TPAH3UTHUBEH II0 MOmyiio p* mms me-
KOTOPOTO TPOM3BOJILHO dukcupoBanuoro k > A(f) + 2. Ilpencrasus f(x) B BUIE
f(x) = by + Z?Zl bileogp i] (f), roe b; € Zp oo j = 0,1,2,..., 3akmiodaeM, ITO
p(f) ecTh HaMMeHbBIIIEE HEOTPULATEIBHOE PAIMOHAIBLHOE LIEJIOe JYKCIIO0, He MEHbIIIee
KaKJIoro m3 1umnces ordy, ¢! — Llogp zJ —ord, b; (1 =1,2,...,d), a mocKoIbKy GyHKIUSI

ord, ! — Llogp zJ HeyOBIBAKOIIAsl (CM. OKA3aTeIbCTBO JeMMBL 4.2), To moboe k € N,

k
pr—1
YIOOBJIETBOPAIOIIICE HEPABECHCTBY 2 p—1

—k > ord,d! — Llogp dJ, YIOOBJIETBOPSIET U
uepasercTBy k > A(f). Ho mockombky ord, d! = —pil (d — wtpd), rme wt,d ecThb
cymMMa Beex mudp B p-WIHOM NpEncTaBieHnn ducia d, TO BbOpas moboe k € N,
YIOBIIETBOPSIOIIEE HEPABEHCTBY
k
p°—1
22— — k> —, (1)
p—1 p—1
nosyuuM, 910 k > A(f). DneMenTapHble pacCyXIEHUs MOKA3LIBAIOT, OMHAKO, UTO
k = [log, d| + 1 ymosnersopsier HepaseHcTBY (1), TeM caMBIM MOKa3bIBas TPEMITO-
JKeHue mpu p # 2.
B cayuae p = 2 momurom f(z) € Qofzr] crenenn d meno3HadeH, COBMECTHM I
SPrONUYEH TOrAa U TOJILKO TOrZA, KOU[a OH MMeeT BUI

d
fl@)=1+z+) b 2lles=lHDIH (37) : (2)
1=0

]

roe b; € Zo, i =10,1,2,... ,d (cm. Teopemy 2.3). Tak kak K0dhPUIEHTHI TOTUHOMA
f(x), npencrasnenHoro B 6asuce (f), i = 0,1,2,..., ODHO3HAYHO ONPENEIIIIOTCI
suauenuamu f(z) B Toukax z = 0,1,... ,d, TO IPOBEPUTH BBIOJIHAMOCTD yCIIOBUS
(2) mist nonuaOMa f () MOXKHO, IONCINTAB €ro 3HaUeHust B Toukax z = 0,1,...,2"—
1, rme r € N mpon3BoibHO PUKCHPOBAHHOE YUCIIO, YAOBIETBOPSIONIEE yCIOBUIO d <
2" —1. TlosTomy MOX)HO B3sTh, Hanpumep, 7 = |logy(d+1)|+1, nmu r = |logy d|+3.

OTo 3aBepIIaeT HOKA3aTEeILCTBO Ipemioxenus 4.7. [

Sameuanue. Ilpenmoxenue 4.4 mokaswiBaeT, 4To pu p # 2 pyuknus f € A ynosite-
TBOpsIET yCJIOBUAM Tpemioxenus 3.9; sHaunT, nockonbky Ni(f) < No(f), dyukuus
f coxpaHseT Mepy TOTIa U TOIBKO TOTA, KOI LA OHA GHEKTHBHA 110 Momyio p )12,
Paccyxnenunsamu, aHaIOrmIHBIME ITPOBENEHHBIM MIPU N0KA3aTEILCTBE TPEIITIOKEHU S
4.7, MOXHO TOTIIa MOKa3aTh

4.8 IIpenmoxenune. [Tosunom f(x) € Qp[x] uerosnauen, cosmecmum v corpand-
em mepy mozda u moavko mozda, xo2da omobpadxcenue z — f(z) mod pXs, 20e
Ky = |log,(deg f)] +3, a 2z npobezaem anauenus 0,1,... ,p%7r — 1, 3adaem co-
sMeCTIUMYIO U GUEKMUSHYI0 PYHKYUI0 Ha Koabye ebiuemos Z/p™s. [

W BuoBb onenkn BenmuwH ((f) u n(f), 0 KOTOPBIX 1HITTa PeUb B HAYAJE TAHHOIO
pasmerna, MOTyT ObITh 3HAYUTEIHLHO YTOYHEHBI IJTs PA3IMYHBIX TOIKIIACCOB u3 A 110
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CpaBHEHUIO C TEMU, KOTOPLIE matoT Teopema 4.1 u npemioxenns 4.7 u 4.8. BaxHbiM,
HaIIPUMep, IPeICcTaBIdeTcs Caydail QyHKIul, aHaIUTUICCKUX BCIOAY Ha Z,, T.e.
GbyHKINN, IPeNCTaBUMBIX B BIIE CyMM CXOISIINXCS BCIONY Ha, Z;, CTEIEHHBIX PSIOB.

Xoporro u3secTHO (CM., Hanpumep, [3, ri. 14. pasmen 4]), 9To CTeNEeHHON P
Yoozt (¢ € Qp, i =0,1,2...) cxomuTcs BCoxy Ha Z, TOLOa W TOIBKO TOLIA,

p
korna lim ¢; = 0; Ipy BBEIOSTHEHWN ITOCJIENHErO YCJIOBUS DS 3a0aeT HeIpPephIB-
71— 00

HyIO Ha Z, ¢yskumio. Pasymeercs, B obmieMm ciydae 5Ta GYHKINUS He SIBIISETCS
Iaxke LEJIO3HAYHOMN, He TOBOPS y2Ke O COBMECTMMOCTHU. PaccMOTpmM, OMHAKO, YacT-
HBIN Citydail, Korga Bce KO9GOUIUEHTHl ¢; eCThb p-aaudeckue Ieinse. VIMeHHO, B
KoJble Zp|[z]] GOPMATBHBIX CTEIEHHBIX PSIOB OT IIEPEMEHHOR & HAI KOJIBIOM Z
0603raunM 4yepes C () HOIMHOXKECTBO BCEX DPSIIOB

o
= cix' (i €Zy, i=0,1,2...
=0

cxomsimxcst Beony Ha Zj,. Hpyruvu cioBamu, s(x) € C(z) Torma u TOIBKO TOrIa,

p
korga lim ¢; = 0. Ilpu Bemmonsenun stux yenosuit psin s(z) € C(z) 3amaer ompe-
1—>00

NeTIEHHYIO BCIONY Ha 7Zj, IeJ03HauHylo GOyHKIUO s : Z, — Z,. OKa3bBaeTCsd, 3Ta
dyHKIUA S paBHOMEpHO nuddepeHnmpyeMa U UMeeT IIEeJO3HAUHYIO ITPOU3BOIHYIO
BCIONY Ha Zy.

HeficTBuTenbHO, paccMOTpuM GopMaibHyo mpousBonuyio s'(z) € Zy[[z]] psna

s(x):

o0
= E 1c;x"
i=1

P P
IMockombky 0 < ||ici|lp = |léllpllcillp < lcillp, @ 11m ¢i =0, To lim ic; = 0 u, 3HaUHUT,
— 00 1—00

!/
s'(z) € C(x). Mbl yTBepxmaeM, 4TO (pyHKuI/I;I s’ + Z, — Zp ecTb IPOU3BOMHASL
bysKIMN S : Ly — Ly TO p-aJUIECKOR METPHKE.
B camom nere, m3BecTHO, UTO B Koublie Zpy[[z, y]] Bcex HOpPMabHEIX CTENEHHBIX
PSIIOB OT MEPEMEHHBIX &, Y HAI Z; CIPABEIINBO PABEHCTBO

< ) (z)
s(z+y) =) Uy,

- ’L
1=0

rie s (x) € Zy[[z]] (i = 1,2,...) ecTs i-s1 dopmambHas mpomssomHas psana s(z),
a 509 (x) = s(z). Mo nokazammomy semme, s(9(z) € C(z) mns Beex i = 0,1,2,....

Craso 6bITH,
~Y ( ) “iez,

j=i

Su)

I KaxXnoro u € Z,. Ho

s ()

1!




a 3HAYUT,

p (%)
o O
1—00 Z!

p
nockoneKy lim ¢; = 0. Taxum obpasoM, nis 11006010 u € Zy,
1—> 00

> s () .
swiy) =Y 1y e c) 0

1=0

Nrax, ecnu s(x) € C(x), To psan Teinopa (M) B Touke u € Z;, CXOOMUTCA K S BCIOLY
Ha Zy,. B wacTtrOCTH, IpU h € Z, uMeeM

s(u+ h) = s(u) + s'(uw)h + a(u, h),

r a(u,h) P oo s (w2 0o s (u) 52
puIeM %13}) — = ;llghhziﬁ ~——h'™2 = 0, mockombky > .—, —5—h'"% €
(u)

P @
Zy, BBUIy TOTO, uTO lim *—* = 0, uro mokasano Bhuue. Mrak, s'(u) ecTh mpo-
11— 00 :
n3BomHAss QYHKINN S B TOUKE u. TakuMm obpas3oM, MHOXKeCTBO C(T) 3aMKHYTO OT-
HOCUTENBHO muddepeHnupoBanuii, u Bce QyHKIUM, 3amaBaembie psanamu u3 C(x),

nuddepeHImpyeMbl HEOTPAHTYEHHOE YUCIIO Pas.

Hamee, mycThb
x
s(x) Z S; (z)

i=0
€CTb WHTEPIOJISIUOHABIN PI M1 QyHKITAT s(m) S C(m) Y TBepKIAETCSI, UTO
S;

- €CTD IIeJI0e P-amIecKoe IIC/I0 TIPI BCeX 1 =20,1,2,.... IelicTBUTEIBHO,
7!

TOr 0o

oo

s(z) = ki;ockxk - kzck 2 S (k, 7)i! (f) - ii! (f) gb’g(k,i)ck,

=0 =0

P P
roe So(k,i) — uncmo Crupnuara. Tak kak lim ¢; = 0, To lim Se(k,i)cxy = 0,
1—»00 k— o0

nockoNbKyY Bee uncyia Crupmunra So(k, 1) SBISIOTCS PATMOHAIILHBIMI [EITBIMHA, T.€.
So(k,4)||, < 1. CnemoBaTensro, pian Y o . So(k,i)cy cxonnTes K HeKoTopoMmy A; €
) P 9 k=1 )
2y, npu Beex ¢ = 0,1,2,.... DTO moka3bIBaeT yTBEPKIEHUE, TOCKOIBKY

Si:i!Ai (’i:O,l,Q,...).

Tomoxunm

()3

1=0

Hpyruvmu cioBamu, B(x) ecTb KOIbIO (GOPMATIBHBIX CTEIEHHBIX DSIIOB C LEJIBIME
p-agudecKuMu KodpPpuumeHTaMyu OTHOCUTEIBHO YOBIBAIOIINX (PaK TOPUATIBHBIX CTe-
neneit. Kaxnoiii pan f(x) € B(r) KOPPEKTHO 331a€T HEIO3HAYHYIO U PABHOMEPHO
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HENPEePEIBHYO Ha Z, byukuuio f : Z, — Z, (cM. Hadano pasmena 2). DTa QyHK-
nus f coBMecTuMAa BBUIY 2.1, TOCKONIBKY, KaK IMOKA3aHO MPU JOKA3ATETHLCTBE JIEMMbI
4.2, dynxmmsa ord, (i!) — [log, 7] meoTpunaTenbuas n meyGpBaronias. OGo3HaUEM
1epe3 B (cooTBeTcTBeHHO, Uepe3 C) COBOKYIHOCTB BCex GYHKIUI Ha Z,, 3amaBae-
MbIX psagamu u3 B(z) (coorBercrBenno, u3z C(x)). OueBunto, uro B(z), B, C(x), C
— KOJIBIIA.

3aMeTnM, 94TO ecau ABa PsAa PA3IndHbI Kak d7eMeHThl u3 B(x) (cooTBeTcTBeH-
Ho, u3 C(z)), To u 3amaBaemble UMU GYHKINN HA Z, pasnumdssl. s psmos us
B(x) cm. mo sromy moBomy Hauasao pasmena 2. Yro ke kacaercs psmos u3 C(x),
TO YTBEpPXKIEHUE CIIEAyeT U3 TOrO, UTO, MOCKOJIBKY BBINICAHHBIN BBIIIE MHTEPIIO-
aAnuoHHbIN psin A s(x) € C(x) 3amaeT GYHKIUIO, TOXKIECTBEHHO PABHYIO HYJIIO,
TOTIa W TOJLKO TOrMA, KOrja Bce ero KosdhurumenTsl s; pasuel 0, To u A; = 0,
i=0,1,2,..., (em. (%)); mo A; = D72 So(k, i)k, nosTomy no dopmynam oGpa-
menns ¢; = » o, S1(k,i)Ax = 0, tme Si(k,1),S2(k,i) ects uncna Crupnumra,
COOTBETCTBEHHO, TIEPBOTO U BTOPOTO POIOB.

Nrax, xonbua B(x) u B (coorsercrenHo, C(x) u C) n30MOPQHBL, ¥ MBI B 1aJIb-
He’IeM MOXKeM He Pa3jindaTh PAObl U 3a0aBacMble MU (DYHKIINN.

OrmeruMm, nasee, uTo ycraHoBieHHoe Boite (cM. (%)) Briouerue B O C cTpo-
roe. Ouesunso, uro f(z) = > ioy(z); € B, mockoneky f(z) = > oy 4! (%). Onnako
f(z) ¢ C, mockonbky GyHKuus f He SBISETCS HaXe aHAJUTUIECKOR Ha Zp: COrJIac-
HO (3, ri. 14, Teopema 4] dyHKuus, npencTaBieHHAs MHTEPIOJSIMOHHBIM PSIOM

P
(&) (cm. pasmen 2) amaymmTwdaHa Ha Zj, TOTHA W TOIBKO TOTMa, Korma lim % = 0.
1—00 7

Taxum ob6pasom, Gyukims u3 B (B ornuune ot pyuxumit u3 C), BOOOIIe TOBOPS,
He MOXKeT OBITH IIpeficTaBiIeHa B BUMIE CXONSINErocs BCIOMy Ha Z, psana Teitnopa.
Tem e MeHee, Bce QyHKIMN 13 B nuddepeHnupyeMsl BO BCeX TOUKaX U3 Ly, IPIIeM
B 3amkHyTO OTHOCUTENLHO muddepennupoanuit: ecnu f € B, to f' € B.

HeiicTBuTensHO, cormacuo [3, ria. 13, Teopema 2|, paBHOMEPHO HelpepLIBHAS Ha
Z, dysxuns f, IpencrasieHHAs CBOMM UHTEPIOINOHHBIM psinoM (), nubdepen-
IupyeMa BCIONLy Ha Zj, TOTAa U TOIBKO TOTda, KOTIa

P oa;
lim -4 =0 (#)
11— 00 7
mist Bcex n € Np. ODTo ycjoBue, OYeBHUIIHO, BBINONHEHO mis ¢yukinuun f € B,
N 1 . . . . .
nockoneKy ordy a; = ord, (i) = =7 (i — wty 1), a |log,i| > ordpi musa Beex ¢ =
0,1,2,.... Takum o6pa3zom, mpousBonHas f’ ompeneseHa BCIOLY HA Z,, IPHIEM

Fla) = Y1y A,

- 1
1=1

Alf(z) _ 1o x
ecru 5TOT psan cxomures. Ho === = = 3 Py (j_i), CIICIOBATEIIHLHO

>y AL 5 () Syt

1=1 k=0 =1

Ho psn 3.2, (—1)""1 25 peuny (#) cxomures npu KaxnoMm k € Ny K HEKOTOPO-
My Sy € Qp, mpuaenm ord, “EH = ordy, agq — ord, i > ordy ((k 4 14)!) — [log,i] =
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(i +k —wty (i + k) — [log,i| = ;25 (i — wtyi) — [log,i] + 15 (k — wty k) +
p%l(wtp k—wty, (i + k) + wtpi) > p%l(k — wt, k) = ord, (k!) (mocnennee u3 ne-
PABEHCTB CIPABEIIMBO B CUIIYy TOTO, YTO p+1(l —wtyi) > |log,i] m p%l(wtp k —
Sk

] € Zp nnsa Beex k € No;

wtp, (1 + k) + wtp i) = ord,, (H;k) > 0). Takum o6paszom,
spaunt, f' € B.
C mOMOIIBIO TIOIYYE€HHBIX Pe3ylIbTATOB Telepb MOXKET OBITh NOKA3aHA CIIELYIO-

II1asd

4.9 Teopema. Pyuxyug f € B corpangem mepy mozda u moavko mozada, xo2da
omna 6uexmuena no modymo p>. Dywkyug f apeoduuna mozda u MoabKo Mmo20a,
K020a 0MA MPAH3UMUEHA AUGO N0 MoOYa0 P2, ecau p # 2,3, aubo no mody.no p°,
ecau p € {2,3}.

Lokazameavcmeo. W3 onpenenenns MHOXkecTBa B cpasy BeiTekaeT, 9T0 p(f) = 0
s moboit f € B, a moromy A(f) = 1; 3sHauuT, npu p # 2 BTOpas 4acTb yTBEPKIe-
HUs cnemyeT u3 4.1.

st moxasaTenbCTBa MEPBON YACTU YTBEPKIEHUS TeOopeMbl B cuity 3.9, mocTa-
TOYHO TMOKA3aTh, YTO QyHKIuS f paBHOMEpPHO muddepeHnupyemMa mo MOMIYIIO P U
Ni(f) <1, r.e. uTo

f(z+p"r) = f(2) +p"rf'(2) (mod p**?) (1)

st Beex 2,7 € Zp mk =1,2,.... Ilockonsky f, f' € B, To oHn 06€ COBMECTHUMEL, &
3HAYNUT JOCTATOYHO NOKA3aTh CIpaBeqInBoCcTh (1) npu yemosuu z,r € Ny. Tak kak
npu r = 0 cpaBrerue (1) TPUBIATIBHO, TO MOXKHO CINTATh, 9To pFr = n € N. Ilamnee,

ppmny Toro, wro LEAM=IE) _ g0 (oAU gy o $0 ()i AUE)

i—1 %
TO OJId OOKa3aTe/IbCTBa CIIPaBEOIMBOCTU (1) OJOCTAaTOYHO yCTAaHOBUTBL, YTO

i((?:f) - (—1)”1)% =0 (mod p).

=1

Ho _NJ;(‘”) =1 Zj’;l a; (jfi), HO3TOMY, BBULY 4.2, IpU p # 2 UMeeT MecTo —

0 (mod p) ms Bcex @ > 2p; 3HAUUT, B HTOM Ciiyuae (2) SKBUBAJIEHTHO CPABHEHIIO

SN - c0)22D 2 o)

=1

Onnako, MOCKOJIBKY f cOBMeCTHMA, TO w # 0 (mod p) muib, MOXeT GBITS,
npu ¢ = sp™, rme m € Ng, s € {1,2,... ,p — 1} (cm. [11, nemma 3.4]); HO ToOrma,
TOCKOTbKY 1 = pr, CIIpaBemImBOCTL CpaBHEHUS (3) HEMEIJICHHO CIIeMyeT M3 yiKe
YIOMHIHABIIIEIICS TeopeMbl JIIoKa, MoKa3bIBas TEeM CAMBIM IIEPBYIO YACTh YTBEPKIIe-
Hust TeopeMbl 4.9 nipu p # 2. Ecin ke p = 2, 10 (2) 9KBUBAJICHTHO CPABHEHWIO

i < (22'27«_—11) + 1) % =0 (mod 2). (4)

1=0




Ho, mockombKy ‘;—“, € Zo msa Beex j = 0,1,2,..., 1o ordg agi,, = ordg (29)! =20 —1

2
mist Bcex m = 0,1,2,...; 3HAUAT % # 0 (mod 2) numb, MoxeT GbITH, IpU
i = 0, 9TO O3HAYAET CIPABENINBOCTE (4).

Haxkowner, Bropas uacTs yTBepxkaeHus teopeMbl 4.9 mpu p = 2 cimenyet u3 2.3:
nockonbky ords i! < ords a; mis Becex @ = 0,1,2,..., u ordy il =i — wto (i), smemen-
TapHBIME PACCYKIEHUSIMUI HECTIOXKHO MOKa3aTh, 9T [logy(i+1)|+1 < i—wta(i) <
ords a; ipu ¢ > 4; mpu sToM ords a; > 3. Ho sTo o3HAawaeT, uT0 HEOOXOMUMBIE
7 MOCTATOYHBIE YCIIOBUSI IJIsS SPTOMUIHOCTU YCIOBUS HA KOY(DPUIIMEHTH MHTEPITO-
nsmmonHoro psana (P) (em. pasmen 2) dyHKumn f 3aBeIOMO BBIOTHEHBI IJIsI BCEX
K03 PUIMEHTOB a; TIpHU ¢ > 4; IPU 5TOM BBIOJTHIMOCTD 3TUX YCJIOBUAM IJIS OCTaB-
mXcst K03PGUIMEHTOB SKBUBAJICHTHA TPAH3UTUBHOCTU (YHKIUU f 1O MOMYJIO 8,
nockonbky a; = 0 (mod 8) mpu ¢ > 4. [

Sameuanue. Teopema 4.9 moOKa3bIBAET, YTO HEOOXOMUMBIE W NOCTATOYHLIE YCIIOBUS
TPAH3UTUBHOCTHU IO MOMYJIIO p" MJIsS TOJIUHOMOB C HEJIBIMHU PAIlMOHAJIBHBIMEU KO-
sdpdunmentamu, nonydenuse M. B. Jlapunbiv B [15], ocTaorcs cnpaBemimBbIMu
1711 Goslee MIMPOKOro Kitacca (uMeHHo, kKitacca B) dyuknuit. OKas3bIBA€TCsI, OMHAKO,
qTO BCe 3TU (PYHKIIAU TI0 JIFOOOMY MOMYJII0 p’* MOTYT OBITH 3alaHbl TOJIMHOMAME C
PallMOHAILHBIMU IIeJIBIMU KO3 puIimeHTaMn.

VmenHO, U3 OmpemesieHnss MHOXKeCTBa BB JIerko cjemyer, u4To Kaxnas (GyHKIsL

[ € B paBHOMEpHO anmpokcuMupyeMma HOoIuHOMaMu Han Z,: mind moboro n € N

HalmeTcss HOMUMHOM fn(x) € Zylz| Takoh, uto f(z) = fn(z) (mod p™) mns Bcex
oo x

z € Zyp. B camowm nene, IOCKOIIBKY DL Y _( T (j) 3a0aeT PYHKINIO, TOXKICCTBEHHO

paBHy!o 0 0 Momymio p™ TOrma M TOJIBKO TOrna, korma Bee r; = 0 (mod p™) (cm.
(11, mpemoxenue 4.2]), TO MOXKHO TOJOXKUTH fn(T) = Z;”:(g) ai(%), roe w(n) =
max{j € Ny : p%l(j —wtp j) < n}.

OxaseiBaeTcs, BepHO U o0paTHOe: eciu Hekoropas ¢yukuwms f : Z, — Z, pas-
HOMEPHO AIIIPOKCHMEDPYEMa HOJIMHOMAME Hal Z, B yKa3aHHOM BBIIIE CMEICIIE, TO
ona nexut B B. B camom merne, mycts f(z) = fi(z) (mod p') mna Beex z € Zy,
roe fi(x) € Zplx], ¢ = 1,2,... . Kaxnei nomuaoM f;(x) cremenu d; momycka-
€T OHO M TOJIBKO OMHO MPENCTaBJIeHNe B BUIEe MHTePHOIAnnoHHoro psna () (cM.

pasnen 2): fi(x) = E;l":o a;j (j), roe a;; € Zp u ord,a;; > ordy, (j!) B cumy (%),
MOCKOJIBKY, odeBunuo, f; € C C B. Ilna manuoil GyHKIUU f KaXKIBIA TOIXHOM
fi(x) ompeneneH OMHO3HAYHO ¢ TOYHOCTHIO IO CIATAEMOTO, 3aAIOIIEr0 (DYHKIIHIO,
TOXIECTBEHHO paBHYyo () M0 MOLYIIO P, TOITOMY MOXKHO CUMTATh, 9TO d; = w(i)
(cMm. BBIIE), a TOrma KodhduIimeHTH HoarnHOMA f;(Z) OIpenesieHbl OMHO3HAYHO C
TOYHOCTBIO JIO CJIaraeMbIX ¢ HOPMOit, He mpeBocxonasirei p~*. OTciona ciemnyer, 9To

ai+1; = a;; (mod p*) (mbr momaraem a;; = 0 npu j > w(i)). DTo o3HavaeT, 4TO
.p a; oo T

Zliglo ai; = a;j € Zy, IpuIeM 5t € Zyp. CnemoBaTensHO, PSII » ., ai(i) 3a7aeT paB-
HOMEDHO HEIPEPLIBHYIO Ha Z,, dysxmuio f € B, KoTopas coBnamaet ¢ f, HOCKOIBbKY
f(z) = fi(2) = f(2) (mod p*) mns Bcex 2z € Z, uBcex 1 = 1,2,... .

Urak, va xomblle B MOXHO 3a[aTh HEAPXUMENOBY HOPMY, IOJIOXKUB €€ PABHON
max{||f(z)||p: 2 € Zp} nns xaxnoit dyukmun f € B. U3 mokasaHHOTO J€rko Cie-
IyeT, 9TO OTHOCUTEIBHO MeTpuku D,, MHIyIUPOBAaHHON 3TOH HOPMOH, KOabumo B

ABJIACTCA IIOJIHBIM METPUYECKUM IIPOCTPAHCTBOM: (paKTI/ILIeCKI/I, B ecTb momosae-
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Hre o Merpuke D, mpoctpancTtBa P C C Bcex (QyHKNU, NHIYNUPOBAHHBIX Ha
Z,, BCEBO3MOXKHBEIMU IOJIMHOMAMI C PAIMOHAIBLHBIMY IeJIbIME KodddunnenTamu (B
YaCTHOCTHU, IPOCTPAHCTBO B cenapabensbHo).

B cBowo ouepens, orcona BoiTekaer, uto B (B ornmuune or C) 3aMKHYTO OTHO-
cuTenbHO Kommosunun yskimit: ecou f,g € B, To f(9) € B. B camom neie,
IIyCTh ¢ PABHOMEPHO AINPOKCHMUPYETCS IOCIENOBATENLHOCTBIO {gy(T) € Zylx] :
n=12...} Te gn(z) = g(2) (mod p") mus Bcex z € Z,. N3 coBmecTmMOCTH
dbyukmun f ciaenyer Torma, uto Dy(f(g), f(gn)) < p~™, T.e. mOCIENOBATEILHOCTH
f(gn) cxomurcs x f(g) ormocurensro merpuku D,. Ho f(g,) € B mns mo6o-
ron = 1,2,...: ecau f PABHOMEPHO ANIMPOKCUMUPYETCS IMOCIENOBATETHLHOCTHIO
{fm(x) € Zplx] : m = 1,2,...}, 10 fin(gn(2)) = f(gn(2)) (mod p™) mns Beex
Z2 € Zp, T.e. TOCIENOBATENBLHOCTD { fim(gn(x)) € Zp[z] : m = 1,2,...} cxonures
Kk ¢yukiun f(g,) oo merpuxe D), npuaem fp,(g,) € B xak monuuom man Z,. Ho
torma u f(g) € B B cuily TOMHOTHI IPOCTpaHCTBa .

TaxuMm 06pa3oM, DOKA3aHO CIIEMYIOIee

4.10 IIpennoxeune. Koavyo B ecmv cenapabesbroe noanoe 0mHoCuUmMesbHo Mme-
mpuru D, npocmpancmeo gynkyui, duddepenyupyemuir 6crody wa Zy,, 3aMxrymoe
OMHOCUMEALHO KOMNO3UYUL U codeparcaujee smecme ¢ Kaxrcdotl Pynkyuetl ee npo-
uzeodnyro. Cuemmnoe muoxrcecmeo P 8cex nosuHoMUabHLIT Had 7 Gynkyut 6crody
naomno 6 B. [

C TeMm, 9TOOBI TTOJTBE30BATHCS KpuTepueM 4.9 B MIPUKIIAMHBIX TEAX I CO3MAHUS
IPOTPAMMHO PeajIn3yeMbIX T'€HEPATOPOB IICEBIOCIYUYANHBIX MOCIENOBATEILHOCTEN,
BaXKHO PACIOJIaraTh 3aIlacOM KOHKDPETHBIX mpuMepoB dyukIui u3 B u C, KOTOphIe
MOT'yT OBITH peajim30BaHbI IPOrpaMMHO. Kak yke roBOpMIIOCH, BCe IMOTMHOMUATH-
Hble HAL Z, GyHKOuM, T.e. QyHKINN, 3aJaBaeMble IOIMHOMAME U3 Zy[T], ITexaT B
C CB.

Parmonanbuere Han Z, dyukiun, T.e. Gyukunu suna f(z) = 585, roe u(z),v(x)
HOIMHOMBI Hal Z,, nexaT B B, ecin 3HaMeHaTens He obpamaercs B (0 IO MOMyITo
p Ha Zj (BBULY COBMECTUMOCTH, HOCIIEHEE YCIIOBUE, OYE€BUIHO, TOCTATOIHO IPOBE-
puTh b B Toukax {0,1,... ,p—1}). HeficTBUTeNbHO, TaK KaK IPU JIFOOOM 2 € Z,;

s71eMeHT v(z) uMeeT OOPATHBIN B KOJIble BBIYETOB Z/p™, TO Z“gg = u(z)v(z)PP") 1

(mod p™), rme ¢ — Gyukua Oitepa. 3HaunT, GyHKIUS f DABHOMEDHO AITPOKCHU-
vupyercs nommaoMamu u(z)v(z)? P~ € Z,[x], n = 1,2,... ; crenosaTensHo, oHA
mexuT B B B cumy 4.10.

Eme onun tun dyskumit u3 B — okcnoHeHnmasibHbIe QyHKIUM. PaccMmorpuM,
Hanpumep, Gyuknuio o, rme a = 1 (mod p), T.e. a = 1+ pr mwis TOOXOMSIIETO
r € Zp. Torna a® = .2, p'r (f) 1, KaK XOPOIIO U3BECTHO (CM., HaIpumep, [3, TiI.
14, pasmen 5)), eciam p # 2, To GyHKIWS a” SBISETCS aHAINTUIECKON BCIOLY HA Zp
(u, 3sHaunT, MexkuT B C); €cnu Ke p = 2 U T HEUEeTHO, TO QYHKIUS a” He SIBIISIeTCS
AHAJIMTUYIECKON Ha Zg 1, 3HAUUT, He jJexkuT B C. TeM He MeHee, B IIOCIIEIHEM CITyUdae
dyskms a” nexut B B, nockomsky (1 + 2r)* = Y% 2ir*(?) € B BBuRYy TOrO, UTO
ords (i!) = i — wtg i. Hecmoxkuo nokasats Takxke, uyro dyukuus (1 + 4r)% mexur B
C. Urak, ecu a € Zy, a =1 (mod p), To dyskims a® gexur B 5.

PaccMoTpeHHBII TN 9KCIIOHEHINATEHBIX (YHKIWI MPEICTaBIsIeT COOOM YacT-
HBLI crydail dysxknni Buna u¥, roe u(z) =1 (mod p) mins Beex z € Zy.
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4.11 Jlemma. Ecau u,v:Z, — Z, — cosmecmumble Pynryuy, u u(z) = 1
(mod p) dag ecex z € Z, (BHIIOIHEMOCTB HOCIEIHETO YCJIOBUS HOCTATOIHO IIPO-
BepuTh b opu 2z = 0,1,...,p — 1), mo dynryug f(z) = u(2)*?) xoppexmmuo
onpedesena 0ag 6cex z € L,, ueao3nauna u cosmecmuma. bBoaee mozo, ecau
w,v € B, u(z) =1+ pw(z), mo f € B.

Loxazameavcmeo. To, aro GyHKnus f KOPPEKTHO OmpenesieHa Ha Z, U LeI03HAU-
Ha, Cpa3y CllefyeT U3 [IPOBENEHHBIX BBINIE DACCYXKOCHHW O QyHKuusAx Buma a”,
roe @ = 1 (mod p). Ins moxasaTeabCTBA COBMECTHMOCTH 3aMETHM, UTO €C/II
b,c,d € Zy, 1o mns mo6oro n = 1,2,... cOpaBemnBO PaBeHCTBO (a + pb)etrid =
(a + p"b)°((a + p™b)P")? (smemenTapHBIE TpaBUIA OODAILEHMS CO CTEIEHIME B P-
AMIIeCKOM U HENCTBUTEIBLHOM CIllydasx coBmamaroT, (3, ri. 14, pasmen 5]). Ho,
IOCKOJIBKY BBHUIY COBMECTHMOCTH GYHKIUN u U v, O JTOOBIX 2,7 € 7, Hal-
nytcs s,t € Z, taxme, uro (u(z + p"r))YGTP) = (u(z) 4 p"t)?E)FP"s 1o
((zp"r)) D = (u(2)+ ") (u(z)+p" ") = (u(z) +p")"C) (mod pr),
BRIy TOro, uTo (u(2) + p"t)?" =1 (mod p"). IlokaxeMm mOCTenHEe CPABHEHTE.
Nmeem u(z) + p"t = 1 + pk mus nomxomsiniero k € Zp,, Tak kak u(z) = 1

(mod p). Ho (14+pk)?" = pn o k! i(pn) = pn k;“’i( "); =1 (mod p™), nockob-
Ky Z, € Zp. VITak, OKOHIATEIHHO, 0603Haqa51 aepes v(z) = v(z) mod p* HAMMEHD-
NI HEOTPUIATENBHBIN BBIUET YrCiIa v(2) M0 MOMyIio P, HOIIydaeM IJIsl MOIXOLsl-

1ero h € Zy, aro f(z+p"r) = (u(z) +p”t)”(z) = (u(z) +pnt)”(z)(u(z) + p"t)P p"h =
(u(2) + p"t)"® = 7 u(2) @ =ipritt (") = (u(2))"® = (u(2))" (u(z)P"* =
(u(2))"#), roe 3mak = o6o3mauaeT cpapHeHme o Momyiio p. CTajo GeITh, DYHK-
uust f coBMecTuMa.

I1st moKa3aTeNbCTBA MOCIIEHETO Y TBEPKICHNS JIEMMbI 3aMEeTHUM, UTO IJIs JH060-
10 z € Zp u moboro n = 1,2, ... BeimonHseTcs cpaBHeHne (u(z ))”(z) =30 o(u(z)—

1)i(”(z.z)) (mod p™), mockomeky |lu(z) — 1|, < %. Orciona crienyer, 9TO Bce QyHK-

=y P )iw B p’
ounm fn = i=0 T (’U ;W JIe2KaT B KOJIBIIE s HOCKOHBKy BCe T neJibie p—a,I[I/IquKI/Ie

qucsa (CM. BBIIIE), W UTO TOCIENOBATENLHOCT { fr, : m = 1,2,...} cxomures x f 1o
metrpuke D,. Cramno 6erTs, f € B BBUDy 4.10. [

[Tomyuennble pe3yabTATHI MO3BOISIOT B IBHOM BUIIE CTPOUTH Pa3INYHbIE SPTOII-
qeckre PYHKIINU C 1e/ThI0 UX MPOTpaMMHON peasm3anuu. Hampumep, copaBemimBo
cllemyIoIee

4.12 Ilpennoxenue. Ecau g € B, mo gynxyus f(x) = 1+z+p*g(x) speoduuna.

Loxazameavcmso. Ilpu p ¢ {2,3} yreepxknenue TpuBnaibho ciienyet u3 4.9. Ecan
xe p € {2,3}, To B cuity 4.9 mocTaTouHO MOKa3aTh, YTO GyHKIUA f TPAH3UTUB-
Ha 1o Momyitio p>. B cBoo ouepemb, IS 9TOTO NOCTATOYHO MOKA3aTh JIMIIb, UTO
fkp2 (0) # 0 (mod p3) mpu k = 1,2,... ,p — 1, mockonmeKy GyHKIHA f WHIYIHPY-
eT Ha Z/p® MOmCTaHOBKY, NTWHA KAJKIOTO MUKJIA KOTOPOH (B CHITy COBMECTHMOCTIH
byEKIIMT f W ee TPAH3UTUBHOCTH MO MomymTio p?) xpaTHa p?. OmHaxo, Tak Kak
mpu Becex ¢ = 0,1,2... BBuUmy coBMecTHMOCTH (DYHKIIU ¢ CIIPABEIJINBO CpaBHE-

3 _ 2 _ EpZ—1 N
mme f'(0) = i+ p° ZJ 09(j) (mod p?), To fF¥°(0) = kp? + p? Y7 g(j) =
kp? +p* > P, g( )pk = kp? (mod p?), mOCKOTBKY, ONATL-TaKW BBUIY COBMECTH-
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MOCTH GYHKIME ¢, TIpu mobbix s = r (mod p) cmpasemmmso p2g(r) = p2g(s)
(mod p3). O

5. TIPUIIOXKEHUY U UX OBCYXKIEHUE

[lonmydenuble pe3ynbTaThl MOTYT UMETh IPUJIOXKEHUS K CHHTE3y IICEBIOCITYJali-
HBIX T€HEPATOPOB, MOMYCKAIIINX OTHOCUTEILHO IMPOCTYIO MPOTPAMMHYIO pPeaTn-
3aI1I0, BBIPAOATHIBAIOIINX CTPOrO MEPUOMNYECKUE TTOCIENOBATEILHOCTH YUCETT U3
muO)kecTBa {0,1,... ,m — 1}, u obecneunBaromuX Ipu STOM DS TapaHTUPOBAH-
HBIX XapaKTEePUCTUK KadeCTBa BEIPAOATHIBAEMBIX IOCIIENOBATEILHOCTEN, B IEPBYIO
odepenb, paBHOMEpPHOe pacupenesneHne. ['oBopss 06 OTHOCUTEIBHON IIPOCTOTE IIPO-
TPaAMMHONI PEAJTU3AINT, MBI IME€EeM BBUIY TO, YTO PACCMATPUBAEMBIE TICEBIIOCTY Yaii-
HbIE T€HEPATOPBI UMEIOT PSII apaMeTPOB, OMPENENSIONINX ObICTPONENCTBIAE COOT-
BETCTBYIOIINX IPOrPAMM. OTH IapaMeTPhl MOXKHO BAPbUPOBATD, HOCTUT A HY XKHOI
CKOPOCTHU, HO He M3MEHSS IPU 5TOM BBIIMIEYTIOMSHYTHIX XapaKTEPUCTUK KadeCTBa
BBIPAOBITHIBAEMOU IOCIEOOBATEILHOCTH.

B ciyuae, korma m = p¥ ecThb cTemeHb IPOCTOTO YUCIA, P, TAKIE MOCICNOBATEEb-
HOCTHU MOT'YT OBITH PeaIn30BaHbI KaK PEKYPPEHTHBIE ITOCIENOBATETEHOCTY IIEPBOTO
HOpSIIKA C 3aKOHOM peKypcuu Tpni1 = f(x,) (mod m), rme f:Z, — Z, — mio-
6ast coBMecTuUMasl dproauyueckasi GyHKIUS U3 ONUCAHHBIX B HaHHOU pabore. B sTom
caydae miis Kaxkmoro k = 1,2,... MBI MOJYYUM CTPOrO MEPUOMUIECKYIO TOCIIe-
IOBATEIBLHOCTD C IIEPHONOM [UIMHBLI pF, IpmueM KaxKObIll 5JIeMEHT U3 MHOXKECTBA,
{0,1,..., pF — 1} BeTperuTCs HA TEPHONE B TOUHOCTU ONUH Pa3; B YACTHOCTH, I10-
JIyYeHHas TOCJIeIOBATEILHOCTh PABHOMEPHO pacIipeesieHa.

BaxuapiM mokazaTenem KauecTBa BEIpabaTHIBAEMON IOCIIENOBATEILHOCTH SIBJISET-
csl pactpenerienne nociaenoBaTenbHocTu (1 + 1)-rpavm {(Zn, Tpi1, ... , Tpgr) 10 =
0,1,2,...}. Buneanbuom ciryuae mociienoBaTeabHOCTh { U, = (z—}g, %, cee m;%) :
n = 0,1,2,...} Touek (r + 1)-MepHOro eBKINIOBA MPOCTPAHCTBA HOJIKHA OBITH
PaBHOMEPHO pacupenesieHa B eMUHUYHOM runepkybe mpu Bcex r. Paszymeercs, mits
IEPUOONYECKUX ITOCIIEIOBATEILHOCTEN 3TO 3aBEIOMO HEIOCTUXKUMO, U Ha TOICUeTe
XapaKTEPUCTHUK CEeMeNCTBa MapajUIeIbHBIX OPYT OPYTY TUIEPIIOCKOCTEN, COomep-
JKAIEr0 BCE TOYKU, COOTBETCTBYIOIINE UCCIEAYEMON mocaenoBarensuoctu (r + 1)-
rpaMM, OCHOBAH DS CTATUCTUUECKUX TECTOB KAUECTBA ICEBIOCITYUYANHBIX MeHepa-
Topos (cM.[2, m. 3.3.4]).

Ecnu npu #HEKOTOPHIX ¢, Co, ... , Cr € 7 BBIIOIHIIOTCS CDABHEHUS

c—|—Zcixn+iEO (mod p*), (n=0,1,2,...) (A)
i=0

TO 5TO O3HAYAET, YTO BCE TOYKU U, MONAIA HA MapaJUle/IbHBIE NPYT OpPYTy -
neprtockoctt b + Y ._q¢;X; = 0. Il JuHeHHBIX KOHIPYSHTHBIX [€HEePATOPOB
Takme ceMelCcTBa MapajiIebHBIX APYT OPYTY TUIEPIIOCKOCTEH CYIIeCTBYIOT yiKe
npu r = 2, KaKkoBO Obl HU ObLIO kK (CM. BBemeHUE).

OrmeruM, 9TO eciau COOTHOIIEHNE (A) BBIIOIHEHO I HEKOTOPOro K, TO IJIs
Beex j = 1,2,... BBINOJIHEHBI U COOTHOLIEHUS p/c+ Y o PP ¢;iTnii =0 (mod pPHo).
COOTHOIIIEHNS TIOC/IeIHEro THUIa OyIeM BPEMEHHO HA3LIBATHL TPUBMAJILHBIMUA. Tpu-
BHAJILHBIE COOTHOIIIEHNS CYIIIECTBYIOT BCErIa: HAIPUMED, 3adUKCIPOBAB HEKOTOPOE
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K € N, B cunty spromnasoctu f s Becex k > K monydaeM TPUBHAIBHBIE COOTHO-
wenns p* Kz, « = p" Kz, (mod p¥). Tosopst meckombKO HEPOPMATBHO, TpH-
BUAJIBHOCTH COOTHOIIEHUS O3HAYAET, YTO KOADPUIIMEHTHI €10 IPU HEOT DAHTIEHHOM
pocTe k CTpeMATCS OTHOCUTEIBHO pP-aIMdecKoil MeTpukd K 0, T.e. COOTHOIIEHUE
(A) mpu k — oo BeIpOXKIaeTcs B cooTHotrerne 0 = 0 B Z,,.

Il71s1 OMHOTO BaXXHOTO U OOIIIMPHOIO KJIACCA HEJTMHEWHBIX KOHI'PDYIHTHBIX TeHepa-
TOPOB MBI TIOKAXKEeM, 9TO €CJIM PAa3MEPHOCTD MapalIeNIbHLIX IPYT APYTY TUIEPILIOC-
KOCT€l, COCTABJIIONINX CEMEICTBO, ComepIKallee Bce TOUKN U, (n = 0,1,2,...), He
pacTeT HEOrPAHUYEHHO BMECTE C Kk, TO 5TO CEMENCTBO OMPENEsSeTCs TPUBUAITBLHBIM

cooTHoIreaneM. [laguMm TouHBIE (POPMYIUPOBKH.

5.1 IIpennoxenne. Ecau f € Qplz] ecmv yeaosnaunviid cosmecmumbli speoduse-
crxut noaurom cmeneny d nad nosem Q, p-aduneckur wuces (Bce TaKue IOIMHOMBL
MOJTHOCTHIO OIMUCHLIBAIOTCS TEOpeMoit 2.3 mpu p = 2, pu p # 2 CM. yTBEPXKIECHUS
2.4 u 4.7 u 3ameuanue, npeninecTyomiee 4.7), U ecau cywecmsyem Hamypaibroe
r makxoe, wmo dag amobozo k € N natidymes c,co, ... ,cr € Ly, He 6Ce KpamMHbLE D,
nPu KOMopuir evinoandiomcea cpasuenusd (A), mo d = 1.

Hawm nomamoburcs ciemyroriast

5.2 Jlemma. B ycuosusxr npedaoxcenus 5.1 donycmum, wmo c,co,...,Cr € Zy
MOHCHO 68bLIOPAMb He 3ABUCIWUMY OM k, Mm.e. nYycmb CYuecmsyom c,co, ... ,Cr €
Z, maxue, umo cpaenerud (A) evinoansiomea dag ecex k € N. Toeda d = 1.

lloxazameavcmeo aemmvr 5.2. Beuny sprogmunoctu f, 3aBemomo d # 0. Ilycts
d > 1. Tlonoxum w(z) = c+ Y.,_, ¢ f*(x). Torma w(z) ecTh nen03HAUHBLL COBME-
cTuMblil monuEoM u3 Qp[z], KaK KOMIIO3UIMS IETO3HATHBIX COBMECTUMBIX MIOJIXHO-
moB. Ho xaxmprit f*(z) ecTh COBMECTUMBII TIOIIMHOM HAT Qp crenenn d'; moaTomy,
Tak Kak d > 1, 7o w(x) — HOIUHOM HEHYJIEBOW CTenmeHu (Kak CyMMa MOJIMHOMOB
TIOMAPHO PA3IMIHEIX cTenenel). OmHAKO, TIOCKOMBKY Tnii = fH(f™(z0)) (mod p*),
w3 yciaosmit eMMbl ciaenyer, uto w(z,) = 0 (mod p*) mas Bcex n = 0,1,2,....
Hpyrmvu crosamvu, w(z) = 0 (mod p¥) mna Beex z € Z,,, mOCKONBKY T, Tpobera-
et Bce mMHOXKecTBO {0,1,...,p" — 1} BBEOY sprommusoctu f, a w(z) coBMeCTHM.
YcnoBust ieMMEL Tetieph o3HauaoT, 9To w(z) = 0 (mod p*) nms Beex 2 € Z, u Beex
k =1,2,...; crenoBarenbro w(z) = 0 mims Bcex z € Zp, a 3naunT, w(zr) = 0 Kak
snemeHT Koibna Qp[z]. IIpoTuBopeune, nokaseiBatomee jgemmy. [

Hoxazameavemeo npedaoxcenus 5.1. Tlo ycnoBuro, CyImecTByeT r TaAKOe, U4TO IJIs
kaxnoro k € N muoxectso Ly Beex ¢ = (¢, ¢, ... ,¢) € Zpt?, |[c|l, = 1, ymoie-
TBOPSIIOIINX cucTeMe cpaBHeHuil (A ), HemycTo. OueBumuo, uro L1 D Lo D ..., Tak
Kak f COBMECTHM.

Hanee, Kaxxmoe MHOXKeCTBO L 3aMKHYTO B TOIOJIOTMH METPUIECKOTO TIPOCTPAH-
crBa Z;t?. HeiicrBurensro, ecmu ¢ € Ly, ¢ € Zy*2, |lc — /|, < p~%, s > k,

To ¢ = ¢+ p°z WIA MOOXOmAIero z € Z;JFQ, a snauut, ||c’||, = 1 u ¢’ ynosie-

TBOpsieT (A); crenoBarensHo ¢ € L. Ilpumenss Temepb K MOCIENOBATEILHOCTI
L1 D Ly D ... HEIMYCTHIX 3aMKHYTBHIX MHOXKECTB aHAJIOT TEOPEMBI O BJIOXKEHHBIX
oTpe3kax (CIpaBemIMBOCTL €ro BhITEKaeT u3, Hampumep, (16, ri. 3, m. 34]), 3a-
KJTIOUaeM, YTO 3Ta IMOCJEIOBATEILHOCTh UMEET HEIyCTOe IepeceveHne, T.e. CyIe-
crByer ¢’ € Z;JFZ, yOOBIIETBOPsIfOInii ycaoBusiM jieMMbl 5.2. Ho Torma d =1. [J
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5.3 Teopema. Ilycmv f € Qplx] — yerosnaunvlli cosmecmumbli apeoduuecrkud

noaunom, deg f > 1, u nycmv cywecmeyem makoe r, umo npu xaxcdom k € N

nocaedosameavrnocmsy {r,} ¢ 3axonom pexypcur Tpi1 = f(zn) (mod p*) umeem
. . k k

nad Z/p* aumetingro caoscmocmy < v, m.e. wuatidymes c(k),c((, ),... ,cg) € Zp

maxue, ¥mo

) +chk)$n+i =0 (mod pk) (n=0,1,2,...). (@)
i=0

p P P
Tozda lim c¢®) = lim cgk) =...= lim ™ =
k—oo k—o0 k—o0

lloxazameavcmeo. OTmeTuM, 9TO, KaK CIEAyeT U3 IOKA3aTEIbCTB COOTBETCTBYIO-

MIUX YTBEPXIECHUNA, U JIeMMa, 5.2, U Tpemioxkenne 9.1 ocTalTCsT CIPaBemINBBIMMA,

€CIU cUnTaTh, 9TO k mpoberaeT Mpom3BOIIBLHOE OECKOHEUHOE MOMMHOXKECTBO n3 N.
k k r+2

cg ),... ,c£ ) € Zg ) Koo duIIm-

k k k

eHTOB, TIPI KOTOPBIX BimosHseTcs («). Iomoxum ¢ = (cF), c(() ),cg ), . ,cg )) €
(r+2)

Ly .

s xaxaoro k € N sadukcupyem zaGop cF) | c(()k),

Beuny 5.1 torma |cgll, < 1 musa Bcex k € N. O6osmaunm N = {k €
N : |lekll, > p~*}. Ipyrmmu crosamu, k ¢ N Torma m TOTLKO TOTMa, KOTHa CO-
kllp ’ 3

oTHOmeHne (4) pasHOCHTBHO cpasHermo 0 = 0 (mod p*). Ouesmmmo, uTo ecim
MHOXKeCTBO N KOHETHO WIIH IIyCTO, TO yTBEPKIEHIE TEOPEMBI CIIPABEIIINEO.

IIycrs N Geckoneuno. s k € N monoxum ¢ = ||ck|p,cr 1 o6o3maunm N
MHOKECTBO Beex m € N rtakmx, uto p¥|c|, = p™ mna nomxomsmero k € N.
HpyruMu crioBaMu, MBI KasKIO€ COOTHOLICHUE (<) 3aMEHseM DABHOCHIIBHBIM €My
COOTHOIIIEHIEM

é® 43 e, =0 (modp™)  (n=0,1,2,...),
=0

roe (é(k)7 ég)k)v égk)a s 7é£’k)) = ék7 pm = pk”Cka

Eciu MEOXecTBO N KOHEUHO, TO, OUEBHIHO, yTBEPKICHIE TEOPEMBI CIIPABEILIIH-
B0. Ecmm xe N Geckomeuno, T0, mOCKOIbKY ||€|l, = 1, B curty mpemoxkesms 5.1
HeobxonuMmo deg f = 1, Bompeku yCIOBUIO TeopeMbl. [

B ¢dopmynupoBke Teopembl 5.3 MBI YIOMSHY/IU TOHSITUE JIUMHEWHON CIIOXKHOCTU
MOCJIENIOBATEILHOCTI HAI KOJBIOM. JTO YacTO UCIOJIb3yeMas (OCOGEHHO B KpU-
nrorpadun) XapakTepUCTUKa KAadecTBa MOCIENOBATEILHOCTU. Jlemma 5.2 B sTux
TEPMUHAX O3HAUAET, UTO MOCIENOBATENLHOCTE {x; = f(x;_1) : i € N} umeer Gec-
KOHEUHYIO JIMHENHYIO CJI0XKHOCTD HAIl KOIBLUOM Zy, ecin f € Qp[x] — meno3HavHEI
COBMECTUMBII 3PTOANIECKUN TOIMHOM cTeneHu d > 1. DTo yTBep:KIeHre MOXKHO
HECKOJIBKO YCUJIATh:

5.4 CnencrBue. Ecau f € Qplr] — ueaosnaunviti cosmecmumbiii apeoduuecrut
noaunom cmenenu d > 1, mo nocaedosameavnocmov {x,} ¢ 3aKomom pexypcuu
Tpy1 = f(xn) umeem Oeckoneunyio aunednyro caoxcnocms nad nosem Q.

Hoxazameavcmeo. Ecnm mas monxomsammx c,co,...,¢ € Qp, He paBHBIX OIHO-
T
BpemerHo 0, cooTHourenne ¢ + ) i, CjTpy; = 0 BBIIONHAETCS IPU BCEX N =
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'
0,1,2,..., TO BBIIOJHSAETCSI W COOTHOIICHUE hC + ijo hcjxpy; = 0, roe h = 1,
ecnu ¢, co, ... ,¢p € Ly, u h = ||(¢,co,... ,¢r)||p B mpoTuBHOM Cityuae. Bmumy co-
BMECTUMOCTH f yTBepxkKIeHue Ternepb cienyet u3 5.2. [

Bameuanue. Ycnoue f € Qplx] B ycmoBusx 5.1-5.4 He MOxkeT GBITH OTODPOLIEHO.
Hampuwmep, npu p = 2 momoxum

T
J

fl@)=1+z+4(-1)""=1+z+ i(—l)jzj+2
7=0

[To Teopeme 2.3 sTa dyHKIIs coBMecTuMa u 3proguydna. OoHAKO JIETKO BUNETDH, ITO
[IOCIIEIOBATEIILHOCTD {Ty, € Zg} € 3aKOHOM PEKYDPCHUU Ty41 = f(x,) yHoBIETBOpSIET
COOTHOIIEHUIO Ty 49 = Ty + 2, T.€. UMeeT JIUHENHYIO CI0XKHOCTD 2 HAIl KOIBIOM Zs.

OTmeTuM, 9TO B 9TOM pasmesie Mbl yIOTPeOIsTeM MOHSATHUE JIMHEHHON CJIOXKHO-
CTH TIOCJIEIOBATEIIBHOCTH HAaJ KOJIBIIOM B HECKOJIBLKO 60jee IMIMPOKOM CMBICTIE, UeM
OOBIYHO MPUHATO: Yallle JIMHEWHON CJIOKHOCTBHIO TOCIENOBATENLHOCTH {Ty,} dite-
MEHTOB KOMMYTATHUBHOTO KOJiblla R Ha3bIBaloT HamMeHblllee 1 > () Takoe, 9TO Cy-
LIECTBYIOT Cq,... ,Cr—1 € R, YIOBIETBOPSIONIE OMTHOBPEMEHHO BCEM DPABEHCTBAM

r—1

Tppr = ijo CjTntj, (n=10,1,2,...). MEI ke momyckaeMm U HaJm4dme CBOOOIHOTO
q/IeHa, U TO, YTO BCEe KOXPGUIMEHTHI OMHOBPEMEHHO MOTYT OBITH HEIUTEISIMU HYJIS
(2o He paBHBIMEI () OMHOBPEMEHHO; B GOPMYJIUPOBKE TEOPEMEL 5.3 MOC/IenHee, BIpo-
yeM, HeCyIlecTBeHHO). Ecim R mose, TO 06a MOHSATUS, MO CYIIECTBY, COBIIAIAIOT:
€CIIN TIOCIIeIOBATELHOCTD YAOBIIETBOPSET COOTHOLIEHUIO € + Y o CiTpyi = 0, TOE

1 r—1 _1q
¢r # 0, TO OHA YHOBIIETBOPSIET M COTHOIICHUIO Tptri] = Cp. CoLp — D i=0 Cr (¢j —
Cj+1)%Tn+j+1. Hallle ompenenenne kaxeTcs HaM IyTh Oojee yOOOHBIM C TOUKH 3pe-
HU TreOMETPUYIECKOU MHTEepIIpeTalnu, CM. BBIIIIEC.

Hpyruvmm cimoBaMu, MBI TTOKa3aJll, YTO, BEIPAXKasich HEDOPMAIILHO, HEJTMHENHBIE
sproouyeckue IOJINHOMUAJbHBIE TeHepATOPhl COBEPIIIEHHO HEJINHENHBI: TeHepupye-
MbIe IMU IOCIIENOBATEILHOCTH He MOTYT ObITH PEAIN30BaHbI KaK JIMHENHBIE PEKYP-
peHTHBIE nocnenoBaTenbrOCTH Han (Q,. MbI He o6cy)XnmaeM 31eck 5TH pe3yIbTaTH B
CBSI3U C MOBENEHUEeM 3TUX IOC/Ie0BATEIbHOCTE OTHOCUTEIBHO YIIOMSHY THIX BBIIIIE
CTATUCTUUIECKUX TECTOB — HTO MPEIMeT CJenyoliei crarbu. OTMETUM JIUIIb, ITO
OHUI NAIOT OIIpenesIeHHble OCHOBAHUS CUUTATh, YTO COOTBETCTBYIOIINE IeHePATOPhI
Ha OPaKTUKe OYyIyT YCIEITHO MPOXOAUTH dTU TECTHI.

HomxuabiM 00pa3oM nepedopMyIupOBaHHBIE aHAJIOTT YTBEPKIeHUN 5.1-5.4 cuipa-
BeOJIUBBI U [IJ11 COCTABHOI'O 1M = p]fl .. pks | gBnaromerocs mpowsseneHneM cremeneit
PA3JINYHBIX IPOCTBIX YUCET P, ... ,Ps, ECIIU TOJIBLKO Ipeobpa3oBaHue f COXpaHseT
BCE KOHI'DY3HINN KOIBUA Ly, X« -+ X Ly, . B CBA3M ¢ KOHTPySHTHBIMI FeHEPATOPAMMU
0 COCTABHOMY MOYJTIO 1M OTMETHUM, UTO B KadecTBe f MOXKHO B3sSTb (DYHKIIUIO,
OIIPEOEJICHHYIO Ha MHOXKECTBE NO BCEX HEOTPUIATEJIBbHBEIX PallIOHAJBbHBIX IICJIBIX
quceJI, IIPUHUMAIOIIYIO 3HAYCHUSA B KOJIBIIEC Z BCEX PalMOHAJIbHBIX IIEJIbIX YMCEIT,
COXPAHSIONUIYI0 BCe KOHI'DYSHIIUU 3TOr0 KOJIblla U 3ProAWYecKyio KakK QYHKIUS Iie-
JIOTO P-a[AMUIeCKOTO apryMeHTa Ipu Beex p € {pi,... ,ps}. Takue dyHKIUN Takxe
MOT'YyT OBITH IIOCTPOEHBI C IIOMOIIIBIO IOJIyYeHHBIX B paboTe pe3yIbTaToB.

Hanpuwmep, Takne GyHKINT MOXKHO HANTHU B KJIacce

By = {Zaz(x)zal 6Z;’1:=0,1,2,...},
1=0
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rze, HamoMuHaeM, (x); ecTh - ybObiBatolas (akTopuaabHas cTeneHb z: (x)g = 1,
(); = x(x —1)---(x —i+ 1) mpum Bcex i = 1,2,.... Slcro, uro By ecTb cOO-
CTBEHHBII TIOOK/IACC PACCMOTPEHHOrO B pasmere 4 kjaacca B mpu 1o60M IPOCTOM p
(ompemesieHne MOCIIEMHEr0 U3 KIIACCOB 3aBUCUT OT p). Ilockombky kmacc B cocrout
u3 QYHKIUI, COXPAHSIOIINX BCe KOHIDYSHINH KOJbLA Zp, TO KaxKas (QyHKIUS ¢
u3 By coxpaHseT Bce KOHTPYSHIIMU KOIbIAa Z, T.e. s 00X a,b € Ny u mo6oro
HarypassHoro N > 1 Bemomssiercs cpasuernue g(a) = g(b) (mod N) kak TOIBKO
a =b (mod N). Takum o6pasoM, B 3aKOHE PEKYPCHUU IICEBIOCIIY YallHOTO TeHEPATO-
pa MOXKHO IOJIOXKUTE

flx)=1+2+pi - p’g(x) (9 € Bo);

B cuity 4.12 Torpa dysaknus f OymeT spronuyHa Kak GYHKIUS IEJI0T0 P;-adIdecKoro
apryMeHTa mpu BcexX j = 1,2,...,s, T.e. OymeT TPpAaH3UTUBHA 110 KaXIOMY MO0
pf mist Becex k=1,2,... uBcex j =1,2,...,s. Crajno 6bTh, f OymeT Torma TpaH-

3UTHUBHA IO KAXKIIOMY MOIIYJITIO p’il -+ - pl* Tpy MO6LIX HATYPATBHBIX t1,... ,ts € N.
B uwactHOCTH, DyHKIMS f OymeT TpaH3UTUBHA U IO MOIYJIIO M, T.€. ICEBIOCIyYali-
HBII TEHEPATOP € 3aKOHOM PEKYDPCHHA Ty 11 = f(2,) (mod m) mpu mo6om HauaIsHOM
coctosiuuu xg € {0,1,... ,m—1} 6ymer BeIpabaThIBATH CTPOTO HEPUOMUIECKYIO TIO-
CITeIOBATEIHLHOCTD rieMeHToB u3 {0,1,... ,m — 1} ¢ mepuonoM myiuHBEL M, IpUIeM
kax o oiement u3 {0,1,... ,m—1} BcTpeTuTcs Ha EPUOLE HTOI MOCIENOBATE -
HOCTU B TOYHOCTU OIIMH Pa3.

9lcro, uTo kimacc By comepX)uT Bce DYHKIWU, 3adaBaeMble MOIMHOMAMEI C pa-
[IOHAJILHBIMU [EJIBIME KO3 OUIIEeHTaMu, TO3TOMY B CJIydae, KOra HOIMHOM ()
13 KOJblla Z[x] BCEX MOJIMHOMOB OT ONHOH MEPEeMEHHON T Had KOJIBLOM 7 MMeEeT
cTerneHb d > 1, TO CIIOXKHOCTH MPOTPAMMHON PEAITM3AINN COOTBETCTBYIOIIETO TICEB-
TOCITyYallHOTO TeHEepATOpa SKBUBAJIEHTHA d CJIOXKEHWUSM U d YMHOXKEHUSM IEeJIbIX
YMCesl 0 MOMYJTI0 m. JICHO Takke, 4TO Kiacc By He MCUEPIBIBAETCS TOJIUMHOMU-
aIbHBIMU Han Z ¢yHKmusmu. HescHO, OMHAKO, COOEPXKUT JIU OH HAPSMIY C DTUMU
OYHKIIISIMEI WHBIE «eCTeCTBEHHBbIe» (DYHKIINU, NOITYCKAIOIINEe OTHOCUTEIHLHO IIPO-
CTYIO TPOTPAMMHYIO PEaTN3alINIO.

Boobirie, mpu mpom3BOIBHOM M He OYEHb IOHITHO, Kakme (QYHKIUU CYNTATH
«ECTECTBEHHBIMII», & Kakue HeT. Kciau mom «ecTecTBEHHOCTHIO®» MOHUMATh BO3-
MOKHOCTH 3aJaHUs GQYHKIUE C IOMOIIBI0 apudMeTHIeCKIX OHepAIil (CI0KEeHNs,
BBIUATAHUS, YMHOXKEHUS, JTEJIEHNS, BO3BENEHNS B CTEIIEHb C HATYPAIIbHBIM ITOKa3a-
TeJieM, SKCIHOHEHIUPOBAHUS), TO TAKOTO POma (YHKIUM MOTYT OBITH MOCTPOEHHI,
HAITPUMED, C TIOMOIIIBIO yTBepxkneHun 2.3, 2.4, u 4.9 coBmectHo ¢ 4.11 m 4.12. Taxk,
u3 TeopeM 2.3 u 2.4 crenyer, uro nomuHoM f(z) Ham normeMm Q pannoHaIBHBIX YHCETT,
UMEIOIINI B

d
|log,,, (i+1) |+1 |log,,, (i+1)]+1 (@
=1 7 ! Tt s be T
f(x) +z+ ZZ:% Ci Py P ;

Ipu JTIOOBIX C(, C1,C2 . .. € Z TPAH3UTUBEH IO MOMYJIIO JTI0O0T0 HATYPAIbHOTO UKUCIIa,
M > 1, koTopoe MOXeT ObITH IIPENCTABIIEHO B BUIE MPOU3BENEHUS CTEINEHEN MTPo-
CTBIX unces u3 {pi,... ,Ps}; B YACTHOCTH, OH TPAH3UTHUBEH 110 Momysio m. Crenosa-
TEeJILHO, CJI0XKHOCTH MPOTPAMMHON Peaim3aliul COOTBETCTBYIOIIET0 IICEBIOCITY daii-
HOTO Te€HEePaTOpa SKBUBAJICHTHA d YMHOXEHUSIM, d clioxeHusM, d+ 1 mpuBeneHusIMu
110 HEKOTOPBIM MOIYISIM W OMHOMY HEJIEHUIO PAITIOHAIBHBIX ITEeTHIX YUCET.
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W3 BbimenpuseneHHoll (HOPMYIIBI BBITEKAET, HAIPUMED, UTO mojauHoM f(x) =
1+ z + 15(x)¢ TpamsnTueen mo Momymo 10F s Beex k =1,2,.... AHanOrmIHBIM
obpaszom, ¢ moMorrsio yreepxkaenutt 2.5 u 4.11 (umu 4.9 comectso ¢ 4.11) moryT
OLITH TIOCTPOEHBI TEHEPATOPHI ¢ UCIOIL30BAHIEM SKCIIOHEHIINPOBAHNUS: HAIIPUMED,
dymxmms f(z) = 14z 4 201° (mmm, Gomee oo, f(z) = 1+ x + (14 200u(z))“ ),
roe u(z),v(x) € Z[z]), a Taxxe dyskuns f(z) = 1+ x + 2012°Y" rpamsuTuBHL M0
momymio 10% s Beex k = 1,2, ... (B cuty 4.9 m 4.11); T ke BepHO U 1715t DyHKIIUK
f(x) =142x+4+100-11* (8 cuny 2.5 u 4.11). Eciu cyauTsb 00 KOIUIeCTBY IIyGInKa-
W1, TIOCBAIIEHHBIX NHBEPCUBHBIM T€HEPATOPAM, TO K «ECTECTBEHHBIM®> (DYHKIIIAM
ClTelyeT OTHECTU W B3ATHE MYJIbLTUINIMKATUBHOTO OOPATHOTO MO MOMYJTio m (uim,
Gosee OOIIIO, BO3BENEHNE B OTPUIATENbHbIE CTENeHn). | eHepaTopbl TAKOTO THUIA
TOXKE MOTYT OBITH MOCTPOEHBLI MPH MOMOIIN TOJYUYEHHBIX B PaboTe pe3y/IbTaToB:
HanpuMmep, npu w(z) = —1,v(z) = T UPUBENEHHBII BbILIE IPUMEDP HAeT (QYHKIIIO
f(z) =142+ (1+200z)~ !, rpamsutusryo no Momymo 10% nms seex k = 1,2, .. ..

OTMeTHM, 9TO B TEYEHUE MOCJICHErO NECATUJICTAS NHTEHCUBHO MCCIIEIOBAIINCD
cpoiictBa crenensoro (f(z) = z”,r € N), skcnorenunanssoro (f(z) = a®), nsa-
KB SKcoHeHmmanbaoro (f(z) = a®) m mmsepcusroro (f(z) = a + bz~ wm
f(z) = (a + bx)~1) remeparopos. IIpuBenenbie BB TPUMEPHI T€HEPATOPOB, TIO-
CTPOEHHBLIX HA OCHOBE KOMITO3UIAN apU(MMETUIECKUX OMEPAINI, BKITIOUAsL SKCIIOHEH-
[IUPOBAHNE U BO3BEIICHNE B CTEIEHDb C OTPUIIATEILHLIM MIOKA3aTeNeM, KaK MbI BUIUM,
HECKOJIKO OTJIMYAIOTCS OT M3YUYaeMbIX B JIATEPATYPE, B IEPBYIO OYEPENb, HATMIN-
eM crmaraemMoro 1+ x. DT oT/ImYms TPaKTHYECKH He YBEINIUBAIOT HU CJIOKHOCTH
IIPOrpaMMHON peajin3allid, HI YMEHBIIIAIOT ee ObICTPOOENCTBUS, HO 00eCIeYnBaloT

MaKCHMaJIbHOCTD II€PUOIa BBIXOOHOU IOCIENOBATEIbHOCTI U TE€M CaAMbIM €€ PaBHO-
MepHoe pacmpenesierne. OXHAKO 5TU OTJIMYUS HE MO3BOJIIOT (IO KpailHeil mepe,
HEME[JIEHHO ) TIePEHECTU BCe MOy YeHHBIE [JIs yKe U3YUEHHBIX B JIUTEPATyPe TUIIOB
TeHEPATOPOB PE3YIbTaThl HA PACCMOTPEHHBIE B TAHHOU paboTe reHepaTopbl. M3y-
YyeHUe BO3MOXKHOCTHU TaKOTO IIepeHoca ObLIO ObI, II0 MHEHUIO aBTOPAa, UPE3BBIUYAITHO
MIOJIE3HBIM, ITOCKOJIBKY B ATOH 00/IaCTU PA3IUYIHBIMU aBTOPAMU MOJIyUeH DI BaxK-
HBIX pPe3yJbTaTOB, JaxKe KPATKUN 0030p KOTOPBIX HEBO3MOXKHO IIPUBECTH 3I€Ch IIO

IPUYNHE UX 3HAUNTEIHHOIO KOJIMYIeCTBa.

BMmecTe ¢ Tem, mOCKOTBKY BCe pacCMOTDEHHBIE B HAHHOW paboTe TeHepaTOphI
MOT'YyT OBITH IIPU TAHHOM 1M PeaIn30BaHBI KaK I'€HEPATOPHI C 3aKOHOM DPEKYPCHN
Tnt1 = fm(zn) (mod m), rme f(x) € Qx| (uro HeMmemmenHO ciemyeT u3 p-
aIqIaeckoil TeopeMsl Beitepurrpacca, cm. [3, ri. 10, Teopema 1]), To Bce pesynbTa-
THI, TIOJIyYeHHBIE B JINTEPATYPE IS T.H. MOIMHOMUAIBHBIX KOHI'DYSHTHBIX IeHepa-
TOPOB, HEMEIJIEHHO TIEPEHOCATCS Ha PACCMOTPEHHBIE B MaHHON paboTe, MO KpalHen
Mepe, TIPU NOMOJIHUTEILHOM YCIIOBUE [, (z) € Z[x].

Crnemyer OTMETUTB, YTO PSI U3YIAEMBIX B JINTEPATYPE T€HEPATOPOB OTHOCUT-
cs K CIIyYalo, KOTZIa 1M eCThb IPOU3BENEHUE MBYX PA3IUYHBIX OOJIBIINX TPOCTHIX
uncen. Pe3ynbraThl naHHOR pabOThl IPUMEHUTEIBHO K ATON CUTYAIIMN MAJIO MHTe-
pecHBI, 160, KaK IIPABUJIO, TO3BOJISIIOT CTPOUTH T'€HEPATOPHI, KOTOPHIE JTNO0 SKBU-
BAJIEHTHBI 110 MOMYJIIO IIPOCTOTO NEJIUTENs P YUCIa M JIMHENHOMY KOHTDYSHTHOMY
reHepaTopy, MO0 TPeOyIoIIne ISl CBOETO 3a0aHUs M3HAYAILHOIO 3HAHUS TPaH-
3UTUBHOTO TIO MONYJIIO P TOJMHOMA CTEemeH:u > 1, KOTOPBIA MOTOM HYXKHO <IIOII-
IPaBUTh», 00ECIIEUNB €r0 TPAH3UTUBHOCTH IO MOMYII0 p°, TIEe § YIOBIETBOPSET
ycrmoBusM TeopeM 3.14, 4.1 mmmm 4.9. MeTonbr, mo3BOISIONINE TOTXKHBIM 00pa3zoM
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IONNPABIATE® IOJINHOMBI, aBTOP HAIEETCs OIyOJIMKOBATH B OMHOU U3 CJICAYIOIINX
cTaTel, 30eCh ke MBI OrpaHnYInMCcs TpumMepoM. Hampumep, ymoMsiHy TBIM CIIOcO60M
Ha OCHOBE TIOIWHOMA, 1 + 323, TPaH3UTUBHOTO MO MOMYIIIO 5, MOXKHO HOCTPOUTE IIO-
muaOM 1 — 1272 — 15223 4 1522°, KoTOpKIl TpaH3UTHBEH 1O T060MY Momyiio 10F,
k=1,2,....

B cBeTe ckazaHHOTO, METOMBI TOCTPOEHUS TICEBOOCTYYAHBIX T€HEPATOPOB, OCHO-
BaHHBIE Ha MPEICTABIEHHBIX B NAHHOU paboTe pe3ysbTaTax, UMeIOT HanOOIbIINI
WHTEepPEC MPUMEHUTEIIFHO K CIyYalo, KOTOa 1M pa3jiaraeTcs B IPON3BEIeHNEe CPDABHNI-
TeJIbHO HeOOJIBIIIOr0 4mciia CTeNeHel OTHOCUTEIHLHO HEOOIBIINX IIPOCTHIX UUCET C
MOCTATOYHO OOJIBIITUMU TIOKA3ATEIMA. 310eCh €CTECTBEHHBIM 00Pa30M BBIIEIISIETCS
noacaydain m = 2°, kak HanboJlee TPOCTON B IPOTPAMMHON pean3aiuu, nbo mIpu-
BeeHEe HATYPAIILHOTO YUCIA O MOMIYIII0 2° COCTOUT IIPOCTO B OTOpACBIBAHWU B
€ro JBOUYHOI 3allMCU BCEX CTAPIINX PA3PsIOB C HOMepaMu > § (Hallla HyMepalust
paspsanos maumnaercs ¢ 0). VIMeHHO B 5TOM cilydyae BO3HUKAIOT HAmbOJee ecTe-
CTBEHHBIE (C TOYKU 3PEHUs] UX MPOTPAMMHOI Deasiu3alum) OMePAluy, OTINIHbIE
oT ynoMmstHyThIX Bbire apupmermdeckux — XOR, OR, AND u mpyrue omeparum
C HEOTPUIATETHLHBIME IETBIMI YUCIIAMUI, OCYIIIECTBIIIEMBIE TTOPA3PSOHO HAI 3aIIU-
CSIMU 5TUX YKCENI B IBOMYHOW cucTeMe cuucjeHus. VY mMMEHHO B 3TOM ciydae, K
CYACTBIO, YIOAETCS MOIYUYUTH MOJHOE OMICAHUE COBMECTUMBIX SPrOMMIEcKuX (Uiu
COXPAHSIONINX MePY) QYHKIMIA — CM. pasmer 2.

[TomyuenHbIe PE3YILTATHI MO3BOJISIIOT CTPOUTH IICEBIOCTYYAHbBIE TeHEPATOPHI,
YIOBJIETBOPSIOIIIE Py TPeGOBaHUN K GBICTPONEHICTBUIO, CTATUCTUICCKUM U /UK
KpUITOrpaduIecKuM XapakTePUCTUKAM. JTa TeMa MOApPOOHO OymeT paccMOTpEHA
B MOCJIEAYIOIINX CTATSIX. J3OeCh e MbI Oerjo OTMeTUM JIUIlb, YTO IPUMEHEHUe
ONICAHHBIX B JaHHOU paboTe paBHOBEPOSATHBIX (MYHKIUI K BBIXOMHBIM IIOCIIEIOBA-
TEITLHOCTSAM KOHTPYSHTHBIX N€HEPATOPOB, TMOCTPOEHHBIX HA OCHOBE 3PTOMMIECKIX
dyukIMit Ha Zso, TO3BOJISIET, COXPAHUB PABHOMEPHOCTDH PACIIPEMIESIEHUS, JTUKBUIN-
pOBaTh eIlle ONWH U3BECTHBIN HENOCTATOK, T.H. «3(PhEKT MIAIIINX Pa3PIIoB>», KO-
TOPBIIL COCTOUT B TOM, UTO IIOCTIENOBATEILHOCTD, COCTABIIEHHAS U3 BCEX PA3PSIOB C
HOMEPOM j WIEHOB TOCJIEIOBATEIILHOCTH {Zy, }, VAOBIETBOPSIONIE PEKYPPEHTHOMY
COOTHOMIEHWIO Ty 1 = f(,) (mod 2%), rme f:Zy — Zo — coBMecTHMas dbyHKIHS,
IMeeT MepHon IINHEL He Gomee wem 271, MeTomsr ncmpaBiieHns 3TOro HEIOCTATKA
ogpobHO OyIyT PacCMOTPEHBI B OMHOHN U3 IOCJIEAYIOIINX CTaTel.
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AHHOTALMS. B crarbe onrcaHbl 5proguvecKre OTHOCUTEIBHO Mephl Xaapa QyHKInI
Ha KOJIbIIE Zp TEeTbIX P-aIUIecKIX YICell, IPUHUMAIOIINE 3HAUYCHNS B Zp U yOOBIIETBO-
psitorue (1o KpaiiHen Mepe, JIOKaIbHO) yeaosuio Jlunmuna ¢ kosddunrentom 1. Taxk-
XK€ OINCAaHBl PABHOBEPOSTHEBIE (B WaCTHOCTY, COXpaHsioue Mepy Xaapa) GyHKIIN
73 YKa3aHHOTO Kjacca. B HEKOTOPHBIX Cilydasx (OCOGEHHO mpu p = 2) ONMUCAHUE NaeT-
csi B Bune sIBHBIX opMyii. HekoTpble pe3ynbTaThl MOIYT ObITH MHTEPIPETUPOBAHLI
KaK ONMCAHWE SPrOOMYECKNX M30METPUYIHBIX OUHAMUIECKNX CUCTEM Ha P-aqUIeCKOM
enuHrYHOM nucke. MccienoBanume MOTUBUPOBAHO 3a0adell MOCTPOEHUS IICEBHOOCITY-
JaHBIX TEHEPATOPOB IIJIsI KOMIILIOTEPHOTO MomempoBanus u kpunrorpaduu. C sToi
TOYKU 3PEHUS pe3ylIbTaThl CTATbU MOT'YT pacCMaTpPUBaTHCS KaK OIIMCAHUS HEJIWHEeN-
HBIX KOHTI'DYSHTHBIX I'€HEPATOPOB II0 MOIYJIIO M, T€EHEPUPYIOIINX CTPOro Iepuommude-
CKI€ PaBHOMEPHO pacCIpelesIeHHbIE IO MOMYJIIO 1M MOCJIeAOBATEIbHOCTU MAKCUMAaJIbHO

BO3MOXKHOTO (T.€. PaBHOrO M) mepmona. B kKadecTBe (QyHKIWMU BBIXONA M IEPEXONA

TAKUX T€HEPATOPOB MOXHO BBEIGHDPATH, HAIPUMEP, MepOMOpQHBIE Ha Zp (YHKINM
(B wacTHOCTH, MOJIMHOMEI C PAIMOHAIILHBIMU, HO HE O0S3aTENbHO LEeNbIMEu Koa(hdu-
LUEHTAaMM), WU KOMIIO3UIUKN apudMEeTUIECKUX OIepanuii (CIIOXKEeHUs, yMHOXKEHUS,
SKCITOHEHITMPOBAHMS, BO3BENIEHNS B CTEMEHb C IeJIBIM, B TOM YHUCJE OTPUIATEIbLHLIM
MOKA3aTeJeM) U CTAHIAPTHBIX KOMIBIOTEPHBIX KOMAHI, TUMA TOPA3PAMHBIX JIOTIe-
ckmx onepaunmii (manpumep, XOR, OR, AND, NEG, u T.11.). Usyaercs u nuneitnas
CIIOXKHOCTb TAKUX TIOCIIENOBATEILHOCTEN.




Kaouesvie ca06a: PABHOMEPHO PaCIIpENeIeHHas MOCIenoBaTeIbHOCTEL — uniformly distributed
sequence; p-agmdeckoe 1enoe ducio — p-adic integer; HeapXMMeNOBBI NUHAMUYECKUE CUCTEMBI —
non-Archimedean dynamical systems; spromuueckast ¢yukius — ergodic function; pasHOBepoO-
sitHast GyHKIus — equiprobable function; dyHkmus, coxpaHsoIas Mepy — measure preserving

function; TpaH3uTUBHBII MOJUHOM — transitive polynomial; GuekTuBHBIZ mommHOM — bijective
polynomial; moncranoBounbil momuHOM — permutation polynomial; nceBmociyuaiinniii reHepaTop —
pseudorandom number generator; HeIMHENHBIN KOHI DY HTHBIN reHepaTop — nonlinear congruential
generator; JUHENHAs CIIOXKHOCTH — linear complexity.




